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Abstract
The classical Cauchy-Boltzmann theory of continuum mechanics requires that the dimension,
over which macroscopic gradients occur, are much larger than characteristic length scales of
the microstructure. For this reason, the classical continuum theory comes to its limits for very
small specimens or if material degradation leads to a localisation of deformations into bands,
whose width is determined by the microstructure itself. Deviations from the predictions of
the classical theory of continuum mechanics are referred to as size effects.
It is well-known, that generalised continuum theories can describe size effects in principle.
Especially micromorphic theories gain increasing popularity due its favorable numerical im-
plementation. However, the formulation of the additionally necessary constitutive equations is
a problem. For linear-elastic behavior, the number of material parameters increases consider-
ably compared to the classical theory. The experimental determination of these parameters is
thus very difficult. For nonlinear and history-dependent processes, even the qualitative struc-
ture of the constitutive equations can hardly be assessed solely on base of phenomenological
considerations. Homogenisation methods are a promising approach to solve this problem.
The present thesis starts with a critical review on the classical theory of homogenisation
and the approaches on micromorphic homogenisation which are available in literature. On
this basis, a theory is developed for the homogenisation of a classical Cauchy-Boltzmann con-
tinuum at the microscale towards a micromorphic continuum at the macroscale. In particular,
the micro-macro-relations are specified for all macroscopic kinetic and kinematic field quan-
tities. On the microscale, the corresponding boundary-value problem is formulated, whereby
kinematic, static or periodic boundary conditions can be used. No restrictions are imposed on
the material behavior, i. e. it can be linear or nonlinear. The special cases of the micropolar
theory (Cosserat theory), microstrain theory and microdilatational theorie are considered.
The proposed homogenisation method is demonstrated for several examples. The simplest
example is the uniaxial case, for which the exact solution can be specified. Furthermore, the
micromorphic elastic properties of a porous, foam-like material are estimated in closed form
by means of Ritz’ method with a cubic ansatz. A comparison with partly available exact
solutions and FEM solutions indicates a qualitative and quantitative agreement of sufficient
accuracy. For the special cases of micropolar and microdilatational theory, the material
parameters are specified in the established nomenclature from literature. By means of these
material parameters the size effect of an elastic foam structure is investigated and compared
with corresponding results from literature.
Furthermore, micromorphic damage models for quasi-brittle and ductile failure are pre-
sented. Quasi-brittle damage is modelled by propagation of microcracks. For the ductile
mechanism, Gurson’s limit-load approach on the microscale is extended by microdilatational
terms. A finite-element implementation shows, that the damage model exhibits h-convergence
even in the softening regime and that it thus can describe localisation.
Zusammenfassung
Die klassische Cauchy-Boltzmann-Kontinuumstheorie setzt voraus, dass die Abmessungen,
über denen makroskopische Gradienten auftreten, sehr viele größer sind als charakteristische
Längenskalen der Mikrostruktur. Aus diesem Grund stößt die klassische Kontinuumstheorie
bei sehr kleinen Proben ebenso an ihre Grenzen wie bei Schädigungsvorgängen, bei denen
die Deformationen in Bändern lokalisieren, deren Breite selbst von der Längenskalen der
Mikrostruktur bestimmt wird. Abweichungen von Vorhersagen der klassischen Kontinuums-
theorie werden als Größeneffekte bezeichnet.
Es ist bekannt, dass generalisierte Kontinuumstheorien Größeneffekte prinzipiell beschrei-
ben können. Insbesondere mikromorphe Theorien erfreuen sich auf Grund ihrer vergleichs-
weise einfachen numerischen Implementierung wachsender Beliebtheit. Ein großes Problem
stellt dabei die Formulierung der zusätzlich notwendigen konstitutiven Gleichungen dar. Für
linear-elastisches Verhalten steigt die Zahl der Materialparameter im Vergleich zur klassi-
schen Theorie stark an, was deren experimentelle Bestimmung sehr schwierig macht. Bei
nichtlinearen und lastgeschichtsabhängigen Prozessen lässt sich selbst die qualitative Struk-
tur der konstitutiven Gleichungen ausschließlich auf Basis phänomenologischer Überlegungen
kaum erschließen. Homogenisierungsverfahren stellen einen vielversprechenden Ansatz dar,
um dieses Problem zu lösen.
Die vorliegende Arbeit gibt zunächst einen kritischen Überblick über die klassische Theorie
der Homogenisierung sowie die im Schriftum verfügbaren Ansätze zur mikromorphen Ho-
mogenisierung. Auf dieser Basis wird eine Theorie zur Homogenisierung eines klassischen
Cauchy-Boltzmann-Kontinuums auf Mikroebene zu einem mikromorphen Kontinuum auf der
Makroebene entwickelt. Insbesondere werden Mikro-Makro-Relationen für alle makroskopi-
schen kinetischen und kinematischen Feldgrößen angegebenen. Auf der Mikroebene wird das
entsprechende Randwertproblem formuliert, wobei kinematische, statische oder periodische
Randbedingungen verwendet werden können. Das Materialverhalten unterliegt keinen Ein-
schränkungen, d. h., dass es sowohl linear als auch nichtlinear sein kann. Die Sonderfälle
der mikropolaren Theorie (Cosserat-Theorie), Mikrodehnungstheorie und mikrodilatationa-
len Theorie werden erarbeitet.
Das vorgeschlagene Homogenisierungsverfahren wird für eine Reihe von Beispielen demons-
triert. Als einfachstes Beispiel dient der einachsige Fall, für den die exakte Lösung ange-
gebenen werden kann. Weiterhin werden die mikromorphen, elastischen Eigenschaften eines
porösen, schaumartigen Materials mittels des Ritz-Verfahrens mit einem kubischen Ansatz in
geschlossener Form abgeschätzt. Ein Vergleich mit teilweise verfügbaren exakten Lösungen
sowie FEM-Lösungen weist eine qualitative und quantitative Übereinstimmung hinreichender
Genauigkeit aus. Für die Sonderfälle mikropolaren und mikrodilatationalen Theorien werden
die Materialparameter in der im Schriftum üblichen Nomenklatur angegebenen. Mittels dieser
Materialparameter wird der Größeneffekt in einer elastischen Schaumstruktur untersucht und
mit entsprechenden Ergebnissen aus dem Schrifttum verglichen.
Desweiteren werden mikromorphe Schädigungsmodelle für quasi-sprödes und duktiles Ver-
sagen vorgestellt. Quasi-spröde Schädigung wird durch das Wachstum von Mikrorissen model-
liert. Für den duktilen Mechanismus wird der Ansatz von Gurson einer Grenzlastanalyse auf
Mikroebene um mikrodilatationale Terme erweitert. Eine Finite-Elemente-Implementierung
zeigt, dass das Schädigungsmodell auch im Entfestigungsbereich h-Konvergenz aufweist und
die Lokalisierung beschreiben kann.
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91. Introduction
Classical theories of continuum mechanics can only be applied when the macroscopic wave-
lengths of relevant field quantities are much larger than the characteristic microstructural
dimensions, a limitation manifested already in the lack of an intrinsic length scale in such
continuum theories. However, in many engineering problems this condition is not fulfilled,
e. g. for micro and nanodevices or at a crack tip, see Fig. 1.1. Material degradation due
to damage mechanisms finally leads to a localization of the deformations in narrow bands.
In reality, the width of such bands is determined by length scales of the microstructure like
the distance of voids, grains or atomic defects. Classical continuum theories do not possess
an internal length scale and can thus not describe such localization phenomena adequately.
Corresponding finite element simulations exhibit a spurious mesh dependency.
In principle, generalized continuum theories can overcome these limitations. Among the
generalized theories of continuum mechanics, micromorphic theory of Eringen and Mindlin
[7–10] has an outstanding role since it incorporates many others like the Cosserat theory or
strain gradient theory as special cases. For a recent review and a comprehensive classification
the reader is referred to [11, 12]. Phenomenologically, it is well-established how such theories
can be constructed based on macroscopic thermodynamic considerations and/or the principle
of virtual powers. Thereby, additional, generalized stresses occur which appear in additional
balance equations [8, 13–16]. This requires to formulate respective additional constitutive
relations and to identify the corresponding constitutive parameters.
For linear-elastic behavior of isotropic material, the limited number of additional material
parameters may be determined by regression of size effects in real or numerical experiments.
This method has been successfully applied in particular for the Cosserat theory which pos-
sesses four non-classical parameters, see e. g. [5, 17–30]. However, Lakes [20] argued that
this method can hardly be adopted to other micromorphic theories with more non-classical
parameters.
Also highly non-linear and history-dependent classical constitutive laws were generalized
heuristically by linear and reversible approaches for the generalized stress measures (i. e.
quadratic ansatzes in the thermodynamic potentials) for simplicity, e. g. [14, 15]. This applies
in particular to damage models and phase field models. Though, this approach is question-
able as argued recently in [31, 32]. In particular, the formulation and interpretation of the
additionally necessary boundary conditions is problematic. Ehlers and Volk [33] incorporated
non-classical stress measures heuristically also in the yield condition.
(a) (b)
Fig. 1.1.: Gradients over microstructure dimensions: (a) shearing of thin layer of foam (from [5]), (b) void
growth at a crack tip (from [6])
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Homogenisation of the heterogeneous microstructure offers a solution to this problem. Re-
garding classical continuum mechanics, the homogenisation procedure, whereby the macro-
scopic stresses and strains are defined as the volume averages of their microscopic counterparts
and can be prescribed via corresponding boundary conditions at the microscale, is established
already for decades [34, 35]. For the so-called couple stress theory (constrained Cosserat the-
ory) the additional boundary conditions of bending-type were specified more or less intuitively
as well [36, 37], in particular if the continuum theory at the microscale has rotational degrees
of freedom [27, 38–43] as it is the case for plates, beams and rigid particles. Independent
of each other, Gologanu et al. [44] and Kouznetsova et al. [45] proposed theories for the ho-
mogenisation of a Cauchy-Boltzmann continuum at the microscale towards a strain gradient
continuum at the macroscale. These authors extended Hill’s kinematic boundary conditions
by additional quadratic terms and derived a suitable micro-macro relation for the correspond-
ing double stress.
However, for the homogenisation from a Cauchy continuum at the microscale towards an
unconstrained micromorphic continuum at the macroscale the definition of the macroscopic
quantities and the formulation of respective boundary conditions at the microscale turned out
to be problematic. Eringen [7, 8] derived the governing macroscopic balance equations via a
spatial averaging procedure. Unfortunately, Eringen did neither formulate kinematic relations
between microscopic and macroscopic kinematic quantities nor did he formulate a boundary-
value problem at the microscale. Forest and Sab [46, 47] provided explicit integral expressions
for the relations between microscopic and macroscopic kinematic quantities of micromorphic
theories. However, it turned out to be a problem that the expressions for the generalized
deformation measures could not be transformed to surface integrals and thus, in contrast
to classical homogenisation, not be prescribed by boundary conditions at the microscale.
For this reason polynomial expressions were identified according to several strategies that
fulfill the integral expressions identically and attempts were made to characterize additional
“fluctuation” fields [47–50]. The drawback of this approach is that no boundary value problem
could strictly be formulated at the microscale.
The scope of the present thesis is to formulate a consistent theory for the homogenisation
of a Cauchy-Boltzmann continuum at the microscale towards a micromorphic continuum at
the macroscale and to demonstrate it for certain examples.
The present works is organized as follows: Section 2 reviews in detail both Hill’s classical
theory of homogenisation as well as the aforementioned approaches to extend it towards strain
gradient and micromorphic theories. Section 3 presents an approach to formulate kinetic and
kinematic micro-macro relations of an unconstrained micromorphic theory. A boundary-value
problem is formulated at the microscale whose solution yields the micromorphic constitutive
relation for the macroscale. This boundary value problem is solved exactly and approximately
in Section 4 for linear-elastic material. Section (5) is dedicated to the development and ap-
plication of constitutive models for quasi-brittle and ductile damage within the micromorphic
framework. Finally, certain general aspects of the micromorphic theory of homogenisation are
discussed in Section 6 before Section 7 closes with a summary.
The notation within the present contribution is adopted from Forest and Sab [47], i. e.
scalars, vectors and tensors of second, third and forth order are denoted by a, b, c˜, d˜ and ≈e,
respectively. Single, double and threefold contractions are written as ·, : and ..., respectively,
and are computed from left to right, i. e. d˜...e˜ = dijkeijk. In particular, I˜ and ˜ denote thesecond order identity tensor and the permutation tensor, respectively. The operator ((◦))T
denotes the complete transposition of all indices of a tensor. For a second order tensor this is
done by the forth order transposing tensor ≈IT as c˜T = ≈IT : c˜. Analogously, a symmetrizationtensor ≈IS is introduced as sym c˜ = 12(c˜ + c˜T) = ≈IS : c˜. The symbols x and X refer to the
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location vectors at the microscale and macroscale, respectively. The nabla operator is∇whose
subscript (∇X or ∇x) specifies, whether it is computed with respect to X or x. The material









For a classical Cauchy-Boltzmann continuum, the balances of linear and angular momentum
read
∇X ·Σ˜ + ρf − ρ .V = 0 (2.1)
Σ˜ = Σ˜T , (2.2)
in the domain X ∈ ΩX respectively. Therein, the symbols V, Σ˜ and f refer to the macroscopicvalues of velocity, Cauchy stress and specific volumetric forces, respectively. Equations (2.1)
(2.2) together with traction or displacement boundary conditions
N ·Σ˜ = t on ∂Ωt (2.3)
U = U¯ on ∂Ωu (2.4)
and a suitable material law, describe an initial boundary value problem for the fields of
displacements U(X, t) or velocities V(X, t) =
.
U, respectively. An equivalent weak form of
Eqs. (2.1)–(2.3) is obtained by requiring









ρf · δU dV +
∫
∂Ωt






V · δU dV (2.8)
for all kinematically admissible test functions δU(X). Equation 2.5 is also known as principle
of virtual power. In this context, the test function δU(X) is also termed field of virtual
displacements or of virtual velocities, respectively.
If the stresses Σ˜ and external loadings f and t¯ have variational potentials, i. e., if thematerial is hyperelastic and the loading is conservative, then Eq. (2.5) corresponds to the
stationarity condition of a variation problem (Hamilton’s principle of stationary action).
In the static case δK = 0 it corresponds to the minimum of the elastic energy
W U(X)−−−→ Min. (2.9)





W int(∇XU) dV . (2.10)
The strain energy density W int must depend only on objective parts of the displacement
gradient ∇XU. In a theory of infinitesimal deformations this is the symmetric part E˜ =1/2(∇XU + U⊗∇X).
2.1.2. Second gradient theory / Strain gradient theory
Toupin [51] allowed the strain energy density
W int = W int(E˜ ,K˜∇∇U ) (2.11)
to depend additionally on the second displacement gradient1
K˜∇∇U = ∇XU⊗∇X . (2.12)
In this context, the Cauchy-Boltzmann theory is often referred to as first gradient theory.
Toupin “postulate[d] as a necessary condition of equilibrium” for the second gradient theory





σ¯˜ : δE˜ + M˜∇∇U ...δK˜∇∇U dV (2.13)






, M˜∇∇U = ∂W int∂K˜∇∇U , (2.14)
respectively. In this context, Toupin incorporated additional volume and surface terms with
δ∇XU to the virtual external work δWext in Eq. (2.7). The corresponding Euler-Lagrange
equations to δW = 0 are the equilibrium condition
∇X ·Σ˜ + ρf = 0 (2.15)
with
Σ˜ = σ¯˜ −M˜∇∇U · ∇X (2.16)
and boundary conditions which shall not be discussed here. Toupin [51] referred to σ¯˜ as“Cauchy stress” due to the analogy of Eq. (2.14) with the corresponding relation of the classical
theory. However, Eq. (2.15) shows that the Cauchy theorem (2.3) does not apply to σ¯˜ but toΣ˜ defined according to Eq. 2.16. That is why the author prefers to refer to σ¯˜ and Σ˜ as internalstress and external stress, respectively. Mostly, Σ˜ is eliminated by inserting Eq. (2.16) intoEq. (2.15).
Mindlin [10] extended the approach of Toupin to the dynamic case by incorporating addi-
tional quadratic terms in ∇XV to the kinetic energy K postulating, analogously to Toupin,
that Hamilton’s principle and thus the principle of virtual power (2.5) still hold.
1Note that the sequence of indices for non-classical measures of deformation and respective stress measures
differs throughout literature on the topic. Here, a definition is adopted which will be favorable for a
comparison with micromorphic theories.





Fig. 2.1.: Micromorphic continuum
Mindlin [10, 52] pointed also out that the 18 components of the second gradient K˜∇∇U =∇XU⊗∇X can be related to the 18 components strain gradient ∇XE˜ tensor according to
K∇∇Uijk = Uj,ik = Eij,k + Ekj,i − Ekj,i . (2.17)
Thus, he proposed an alternative, equivalent form (“Form II”) to Eq. (2.11) (“Form I”) as
W int = W int(E˜ ,∇XE˜) . (2.18)
which implies to define a double stress work-conjugate to ∇XE˜ as
M˜∇E = ∂W int∂∇XE˜ . (2.19)
Consequently, the Euler-Lagrange equation (2.16) becomes
Σ˜ = σ¯˜ −M˜∇E · ∇X . (2.20)
For completeness it shall be mentioned that Mindlin also proposed a third form in which the
gradient of the rotation is separated in order to draw a reference to Koiter’s couple stress
theory.
2.1.3. Micromorphic theory
Mindlin [10] proposed a theory of elasticity “with micro-structure”. It is based on the idea
that a “micro-medium” ∆V (X) is attached to each macroscopic material point X, compare
Fig. 2.1, and that “micro-displacements can be expressed . . . as an approximation . . . [up to
the] linear term of the series”
u = U + χ˜ · (x−X) . (2.21)
The “micro-deformation” χ˜ is “homogeneous in the micro-medium” ∆V (X) “and non-homogeneousin the macro-medium” X ∈ ΩX.



















(◦)(x) dV . (2.23)
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U · .U + 1
2
( .
χ˜ ·G˜ ρ · .χ˜T
)
: I˜ dV (2.24)
whereby the macroscopic density and the tensor of microinertia were identified as
ρ = 〈ρ〉V , G˜ ρ = 〈ρξ ⊗ ξ〉V (2.25)





= 0, i. e. the macroscopic location is defined as the





In view of the microscopic interpretation of χ˜ according to Eq. (2.21), Mindlin specified thefollowing objective measures of deformation (for infinitesimal deformations)
• classical strain E˜
• “relative deformation” e˜ = U⊗∇X − χ˜
• “micro-deformation gradient” K˜ = ∇Xχ˜
which the strain energy density is postulated to depend on2:
W int = W int(E˜ , e˜,K˜ ) (2.27)




σ¯˜ : δE˜ + s˜ : δe˜+ M˜ ...δK˜ dV . (2.28)






, s˜= ∂W int∂e˜ , M˜ =
∂W int
∂K˜ . (2.29)
With kinetic energy and strain energy density given by Eqs. (2.24) and (2.27), the Hamilton
principle yields the “variational equations of motion”
∇X ·
(
σ¯˜ + s˜T)+ ρf − ρ ..U = 0 , (2.30)∇X ·M˜ + s˜− ..χ˜ ·G˜ ρ = 0 . (2.31)
Comparing Eq. (2.30) with Eq. (2.15) shows that the external stress can be identified as
Σ˜ = σ¯˜ + s˜T . (2.32)
Thus, Eq. (2.31) may be interpreted that the difference s˜ between external stress Σ˜ andinternal stress σ¯˜, and higher order body forces m˜ , are the sources of double stresses M˜ andhigher order inertia. The magnitude of the latter depends on the second moment of inertia
G˜ ρ. Eringen coined the term “micromorphic theory” for this theory.Mindlin pointed out that a second gradient theory is obtained when e˜ = 0 is enforced, i. e.
χ˜ = U⊗∇X . (2.33)
However, Eq. (2.33) is not the only opportunity for obtaining a second gradient theory as will
be discussed in section 3.6.1.
2Corresponding Lagrangian deformation measures were given already by Truesdell and Toupin [53]






Fig. 2.2.: Microscopic volume element with periodic boundary conditions
2.1.4. Method of virtual power
Mindlin and Toupin constructed their generalized continuum theories by firstly postulating
that the strain energy density W int depends on additional objective measures of deforma-
tion, Eqs. (2.11), (2.18) and (2.27), and that the kinetic energy K may depend on additional
quantities (but not explicitly on time). Secondly, they postulated that the Hamilton’s prin-
ciple of least action, corresponding to the principle of minimum elastic energy in the static
case, does apply. Mathematically, this principle forms a variational problem. According to
Noether’s theorem, both postulates have the consequence that, in absence of external volume
contributions, the linear momentum, angular momentum andmechanical energy are conserved
quantities.
However, already for the Cauchy-Boltzmann continuum it is known that no action functional
can be constructed for general irreversible material laws (so that the mechanical energy is
no conserved quantity). In order to address irreversible material behavior in generalized
continuum theories, Germain [13] generalized the variational approach of Mindlin and Toupin
to the “method of virtual power”. In this method, the stationarity condition
0 = δL = δWint − δWext + δK (2.34)
is postulated to hold irrespective of the existence of an action functional for arbitrary values
of the virtual fields. Germain formulated the requirement that δWint and δK need to be
objective. Based on the structure of δWint, respective terms may be incorporated into the
virtual external work δWext, both as volume and surface contributions.
For the second gradient and micromorphic theories under consideration, this means that not
the functional dependencies of the strain energy density W int are postulated but directly the
virtual internal work of δWint according to Eqs. (2.13) and (2.28), respectively. Finally, the
same balance equations (2.15)–(2.16), (2.20) and (2.30)–(2.31), respectively, are obtained as
with the variational approach of Mindlin and Toupin, which now, however, allow to formulate
irreversible material laws.
Today, the method of virtual power is the established way to derive the balance equations
for generalised continuum theories, e. g. [11, 44, 45, 54–58]. A review of the method was given
by Maugin [59]. Hellinger [60] traced the method back to Lagrange, pointing out, however,
both its universality as well as its purely axiomatic nature.
2.2. Homogenisation approaches
2.2.1. Classical theory of homogenisation
In the classical theory of homogenisation by Hill [34], the macroscopic values of stress Σ˜ andstrain E˜ are defined as volume averages of their microscopic counterparts σ˜ and ε˜, respectively,over a microscopic volume element ∆V (X) (Fig. 2.2)
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Σ˜ = 〈σ˜〉V , (2.35)
E˜ = 〈ε˜〉V . (2.36)
Furthermore, it is required that the macroscopic value of mechanical power is identical to the
microscopic average:
Σ˜ : .E˜ = 〈σ˜ : .ε˜〉V (2.37)
This requirement is known as Hill-Mandel condition or condition of macro-homogeneity.
Boundary conditions
In order to compute the macroscopic quantities E˜ and Σ˜ , a boundary value problems needs tobe formulated which determines the microscopic fields of ε˜(x) and σ˜(x) at each microscopicpoint x ∈ ∆V (X).
Thus, in addition to the standard equilibrium conditions and the strain-displacement rela-
tion
∇x · σ˜ = 0 and σ˜ = σ˜T (2.38)
ε˜= 12(∇xu + u⊗∇x) (2.39)
suitable boundary conditions have to be formulated which ensure that the micro-macro rela-
tions (2.35)–(2.37) are satisfied. For this purpose, these relations are transformed to surface
integrals over the boundary ∂∆V (X) of the volume element ∆V by means of the divergence








n⊗ u + n⊗ u dS , (2.41)
Σ˜ : .E˜ = 1∆V
∮
∂∆V
n · σ˜ · .u dS . (2.42)
Therein, ξ = x−X refers to the location of a point at the microscale relative to the macroscopic
position X as shown in Figs. 2.1 and 2.2. When using the divergence theorem, it was assumed
that neither the displacement field u(x) nor the stress field σ˜(x) exhibit jumps.The first approach is to satisfy (2.40) directly by static boundary conditions
n · σ˜ = n ·Σ˜ on ∂∆V (X) . (2.43)
In this case, the external loads Σ˜ of the volume element has to be self-equilibrating whichrequires
Σ˜T = Σ˜ (2.44)
in accordance with Eqs. (2.35) and (2.38)2. The static boundary condition (2.43) can be
inserted to the Hill-Mandel condition (2.42). Using Eqs. (2.41) and (2.44), it turns out that
Eq. (2.42) is satisfied by static boundary conditions.
Alternatively, kinematic boundary conditions
u = ξ ·E˜ on ∂∆V (X) (2.45)
can be imposed which satisfy the kinematic micro-macro relation (2.41) a priori. The kine-
matic boundary condition (2.45) can be inserted to the Hill-Mandel condition (2.42) showing
that the latter is fulfilled by Eq. (2.40) for the macroscopic stress.
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Periodic boundary conditions allow fluctuations ∆u(x) in additions to the linear mapping
(2.45):
u = ξ ·E˜ + ∆u(x) on ∂∆V (X) . (2.46)
In order to satisfy the micro-macro relation (2.41) for the strain it is required that∮
∂∆V
∆u⊗ n + n⊗∆u dS = 0 . (2.47)
This requirement is fulfilled by any periodic fluctuation field
∆u(ξ+) = ∆u(ξ−) (2.48)
with ξ+ and ξ− being the locations (relative to the center X) of “homologous” points at the
boundary ∂∆V (X) with opposite normal directions n+ = −n−. Equations (2.46) and (2.48)
can be used to eliminate ∆u yielding
u(ξ+)− u(ξ−) = (ξ+ − ξ−) ·E˜ on ∂∆V (X) . (2.49)
For a rectangular volume element as shown in Fig. 2.1,Eq. (2.49) becomes3
u(ξ1, H/2)− u(ξ1,−H/2) = Bb1 ·E˜ ∀ξ1 ∈ [−B/2, B/2] ,
u(B/2, ξ2)− u(−B/2, ξ2) = Hb2 ·E˜ ∀ξ2 ∈ [−H/2, H/2] (2.50)
wherein b1 and b2 refer to the unit base vectors of the coordinate system ξ1 − ξ2. However,
neither (2.49) nor its special case (2.50) define a complete set of boundary conditions for the
PDE (2.38)–(2.39) at the microscale.
For complete description of the boundary value problem, equilibrium condition (2.38) is
written in variational form





λ(ξ+) · [u+ − u− − (ξ+ − ξ−) ·E˜] dS u(ξ),λ(ξ
+)−−−−−−→ Min. . (2.51)
Therein, the Lagrange multiplier λ(ξ+) as a function of location ξ+ enforces constraint (2.49)
requiring that the boundary ∂∆V is parametrized adequately as ξ+ ∈ ∂∆V +(X) and ξ− =
ξ−(ξ+). The Euler-Lagrange equations to the variational problem (2.51) are (2.38) in the
domain ξ ∈ ∆V as well as constraint (2.49) together with boundary conditions
n · σ˜ = λ(ξ) on ∂∆V +(X) ,
n · σ˜ = −λ(ξ) on ∂∆V −(X) . (2.52)
The stationarity condition δL = 0 of (2.51) can be generalized to hold also for irreversible
material behavior at the microscale corresponding then to the weak form (principle of virtual
power) with the same result (2.52). Obviously, periodic boundary conditions yield anti-
periodic traction boundary conditions (2.52) which do, in contrast to static boundary condi-
tions (2.43), depend on the location ξ and are part of the solution. Inserting (2.52) to (2.40)




λ(ξ+)⊗ (ξ+ − ξ−) dS . (2.53)
It can be verified easily that Eqs. (2.49) and (2.53) satisfy the Hill-Mandel condition (2.42).
3Note that Eq. (2.50) is not the only possible choice of homologous points, though the established one.
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Large Deformations
Eulerian description In the current configuration (Eulerian description), equilibrium condi-
tions (2.38) still hold for the Cauchy stress σ˜. Consequently, definition (2.35) of the macro-scopic Cauchy stress Σ˜ and its surface representation (2.40) remain valid if the integrals arecomputed over the current domain of the microscopic volume element. This applies also to
the static boundary condition (2.43). However, in a Eulerian description spatial derivative
and and material time derivative
.
(◦) do not commute when computing the strain rate .ε˜ for theHill-Mandel condition (2.37). Thus, the latter has to be written with respect to the velocities
v directly as 〈
σ˜ : d˜〉V = Σ˜ : D˜ with d˜ = 12(∇xv + v ⊗∇x) (2.54)
The macroscopic rate of deformation becomes
D˜ = 〈d˜〉V = 12∆V
∮
∂∆V
n⊗ v + n⊗ v dS . (2.55)
Consequently, the kinematic boundary condition (2.45) has to be formulated also with respect
to the velocities as
v = ξ ·D˜ on ∂∆V (X) . (2.56)
Analogously, periodic boundary conditions (2.49) remain possible if they are formulated with
respect to v and D˜ , respectively, requiring that opposite points with n+ = −n− are identifiedin the current configuration.
Lagrangian description In a Lagrangeian description the macroscopic deformation gradi-
ent F¯˜ and the first Piola-Kirchhoff stress Σ˜PK are defined as averages of their microscopiccounterparts with respect to the reference configuration x0 ∈ ∆V0(X0) [35]
Σ˜PK = 〈σ˜PK〉V0 , (2.57)
F¯˜ = 〈F˜〉V0 . (2.58)
The equilibrium conditions and the kinematic relation at the microscale are
∇x0 · σ˜PK = 0 and F˜ · σ˜PK = σ˜PKT · F˜T (2.59)
F˜ = x0 ⊗∇x0 = I˜+ u⊗∇x0 . (2.60)
The Hill-Mandel condition reads






Consequently, static boundary conditions
n · σ˜PK = n ·Σ˜PK on ∂∆V0(X0) . (2.62)
have to be specified with respect to the first Piola-Kirchhoff stress or kinematic boundary
conditions in terms of the deformation gradient
x = F¯˜ · x0 on ∂∆V0(X0) . (2.63)
Both type of boundary conditions satisfies the Hill-Mandel relation (2.37). Evaluating the
total angular momentum 0 =
∫
∂∆V0
x× (n · σ˜PK) dS of ∆V yields
F¯˜ ·Σ˜PK = Σ˜PKT · F¯˜T (2.64)
as macroscopic counterpart to Eq. (2.59)2 both for static and kinematic boundary conditions
(2.62) and (2.63), respectively.
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Remarks
An important issue for homogenisation is the choice the volume element ∆V . In classical
homogenisation, it is required that the volume element ∆V needs to be “representative”.
According to Hill [34], this means that it “(a) is structurally entirely typical of the whole
mixture on average, and (b) contains a sufficient number of inclusions for the apparent overall
moduli to be effectively independent of the surface values of traction and displacement, so
long as these values are ‘macroscopically uniform’.”
For a regular microstructure, condition (b) can be satisfied by applying periodic boundary
conditions to a unit volume element. Applying static boundary conditions on such a unit
volume element lead to lower-bounds of the stiffness, kinematic boundary conditions to upper
bounds. If ∆V encompasses a sufficient number of unit volumes, the effect of the type of
boundary conditions vanishes.
Another issue was pointed out by Gologanu et al. [44]: “The classical Hill-Mandel approach
to homogenisation does not say anything about the existence of such a thing as the ’macro-
scopic velocity’, from which the ’macroscopic strain rate’ should derive. It is only when the
homogenisation procedure is completed (i. e., the macroscopic constitutive equations fully
defined) and microscopic quantities henceforth forgotten that one introduces the heuristic
assumption that the ’macroscopic strain rate’, as defined through homogenisation, can be
identified with the symmetric part of the (macroscopic) gradient of some ’macroscopic veloc-
ity’.”. The macroscopic velocity is not objective which is why it does not need to be transferred
to the microscale (in contrast to e. g. the temperature in thermal homogenisation problems).
Analogously, the assumption that the macroscopic stress satisfies the same balance equation
∇X ·Σ˜ = 0 as its counterpart on the microscale is heuristic as well.In view of the envisaged application to porous media, it shall be mentioned that the kine-
matic micro-macro relation (2.41) requires that the microscopic displacement field u(x) is
defined on the complete boundary ∂∆V of the volume element. This requirement is critical
e. g. for open-cell foams. Kinematic boundary conditions (2.45) can be employed in such
cases, the displacement field is just defined even in the intersection of the pores with ∂∆V .
However, static boundary conditions cannot be used in such cases as the pores cannot carry
the non-vanishing surface tractions. Periodic boundary conditions are used in such cases un-
der the pragmatic assumption that the fluctuations ∆u vanish at the intersection of the pores
with ∂∆V [61].
2.2.2. Strain-gradient theory by Gologanu, Kouznetsova et al.
Kinematic boundary conditions
The classical kinematic boundary condition (2.45) and (2.56), respectively, of the microscopic
volume element is linear with respect to the location. For constructing a homogenisation
towards a macroscopic strain-gradient theory, Gologanu et al. [44] added a quadratic term to
the kinematic boundary conditions
v = A˜ · x + 12B˜ : (xx) on ∂∆V (X) (2.65)
in a velocity formulation with respect to the current configuration. Inserting this approach
to the definition (2.55) of the macroscopic rate of deformation yields
Dij = A(ij) +
1
2
(Bijk +Bjik) 〈xk〉V . (2.66)
Upon defining the macroscopic location as geometric center of the microscopic volume element
X = 〈x〉V (2.67)
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(Bijk +Bjik) . (2.68)
By means of a cyclic permutation with respect to i, j, and k, Eq. (2.68) can be solved for B˜as Bijk = Dij,k +Dki,j −Djk,i, compare Eq. (2.17).
Generalized Hill-Mandel lemma In classical theory of homogenisation, the kinetic and kine-
matic micro-macro relations (2.35)–(2.36) are specified and boundary conditions needed to
identified which satisfy the Hill-Mandel condition (2.54). In contrast, for the homogisation
approach towards a macroscopic strain-gradient theory by Gologanu et al. [44], the kinematic
boundary condition (2.65) is formulated ad hoc and the corresponding kinetic micro-macro
relations for stress measures have to be identified. For this purpose, the average mechanical
power from the left-hand side of Eq. (2.54) is firstly transformed to a surface integral us-
ing local equilibrium conditions (2.38). Inserting kinematic boundary condition (2.65) and
eliminating A˜ and B˜ by Eqs. (2.66)and (2.68) yields〈
σ˜ : d˜〉V = 1∆V
∮
∂∆V
n · σ˜ · v dS
=
〈
σ˜〉V : D˜ + 〈ξ ⊗ σ˜〉V ... (∇XD˜ ) . (2.69)
wherein ξ = x−X, cmp. Fig. 2.1. From Eq. (2.69), the macroscopic stresses can be identified
as
σ¯˜ = 〈σ˜〉V = 1∆V
∮
∂∆V
x⊗ n · σ˜ dS (2.70)
M˜∇E =
〈
ξ ⊗ σ˜〉V = 12∆V
∮
∂∆V
ξ ⊗ n · σ˜ ⊗ ξ + ξ ⊗ ξ ⊗ n · σ˜ − n · σ˜ ⊗ ξ ⊗ ξ dS (2.71)
so that the generalized Hill-Mandel lemma (2.69) becomes〈
σ˜ : d˜〉V = σ¯˜ : D˜ + M˜∇E ...
(∇XD˜ ) . (2.72)
Macroscopic velocity Additionally, a relation between D˜ and the velocity V is required forformulating a boundary value problem on the macroscale. In classical theory of homogeni-
sation, this relationship is postulated. Instead, Gologanu et al. [44] defined V(X) “in an
admittedly somewhat artificial manner” as the average over the surface ∂∆V (X)
V = 〈v〉∂∆V (2.73)
in order to be able to insert the kinematic boundary condition (2.65). Doing so and writing
x = X + ξ yields






= 0 which is valid for “simple shapes. . . , for instance ellipsoidal





of the surface does not
depend on X, then the symmetric part of the gradient of the macroscopic velocity Eq. (2.73)
coincides with D˜ in Eq. (2.66)
1
2
(Vi,j + Vj,i) = A(ij) +
1
2
(Bijk +Bjik)Xk = Dij . (2.75)
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Having thus identified A˜ and B˜ as the first and second gradients of the macroscopic velocityfield allows to write the kinematic boundary condition (2.65) as
v = V0(X) + ξ ·
(∇XV)+ 12(ξξ) : (∇X∇XV) on ∂∆V (X) (2.76)
with V0(X) = X · (∇XV(X))− 12(XX) : (∇X∇XV(X)).
Furthermore, Gologanu et al. [44] pointed out that the kinematic boundary condition (2.65)
or (2.76), respectively, contains a rigid body motion which is why not all components of the
M˜ are independent of each other.Gologanu et al. employed the method of virtual power to derive the macroscopic equilibrium
conditions, see section 2.1.4.
Periodic boundary conditions by Kouznetsova et al.
Kouznetsova et al. [45, 56]4 motivated the kinematic boundary condition (2.76) as a Taylor
expansion and incorporated additionally a fluctuation field
v = ξ · (∇XV)+ 12(ξξ) : (∇X∇XV)+ ∆v(ξ) on ∂∆V (X) (2.77)
in analogy to the classic homogenisation (2.46). As in classical theory, it has to be ensured
that the fluctuations ∆v do not contribute to the macroscopic deformations. For the classical
term with ∇XV, the kinematic micro-macro relation (2.55) can be satisfied by requiring ∆v
to be periodic
∆v(ξ+) = ∆v(ξ−) . (2.78)





(n⊗ x + x⊗ n)⊗∆v dS . (2.79)
The classical condition of periodicity (2.78) does not satisfy Eq. (2.79) ad hoc. For instance,




















dξ1 = 0 . (2.80)
A kinematic micro-macro relation for the second gradient ∇X∇XV can be obtained by
eliminating ∆v from Eq. (2.79) by Eq. (2.77). Sorting for microscopic and macroscopic
quantities yields





(niξj + njξi) vk dS (2.81)
whereby, the second geometric moment of the microscopic volume element ∆V was defined
as
G˜ = 〈ξ ⊗ ξ〉V . (2.82)
4Apparently, Kouznetsova et al. did not take note of the previous work of Gologanu et al. Kouznetsova
et el. chose a Lagrangian description which is adapted here to an Eulerian one for comparison with the
aforementioned theory of Gologanu et al.
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At first glimpse, the components of Eq. (2.81) provide 18 linear equations (symmetry w. r. t.
i and j) for the 18 independent components of the second velocity gradient ∇X∇XV in the
3D case or eight equations for eight components in the 2D case, respectively. However, a
close look at Eq. (2.81) shows that a superimposed rigid-body translation v → v = v + v0
affects its right-hand side whereas its left-hand side is invariant with respect to such a rigid
translation. It has to be concluded that the kinematic micro-macro relations (2.81) or (2.79),
respectively, are not objective. This fact is closely related to the finding of Gologanu et al.
[44] that the corresponding kinematic boundary condition (2.76), or (2.77) with ∆v = 0,
respectively, contains a rigid-body translation.
Irrespective of this problem, a generalized Hill-Mandel conditions is obtained as
〈
σ˜ : d˜〉V = 1∆V
∮
∂∆V






ξ ⊗ n · σ˜ dS : ∇XV(X) + 12∆V
∮
∂∆V






n · σ˜ ·∆v(ξ) dS . (2.83)
whereby the symbols
L˜ = ∇XV, L˜∇∇U = ∇XV ⊗∇X (2.84)
for the first and second (Eulerian) velocity gradient, respectively, have been introduced.
Under the condition that the fluctuations ∆v do not contribute to the power∮
∂∆V
n · σ˜ ·∆v(ξ) dS = 0 , (2.85)








ξ ⊗ (n · σ˜)⊗ ξ dS = 12 〈ξσ˜ + σ˜ξ〉V (2.87)
can be identified, which are work-conjugate to L˜ and L˜∇∇U , respectively. The definition of thedouble stresses (2.71) and (2.87) can be converted consistently into each other and correspond
to Mindlin’s forms II and I, respectively.
Objective definition of the macroscopic deformations The problem, that the kinematic
micro-macro relation (2.81) is not objective, can be solved by incorporating an additional
rigid translation V(X) in the velocity field at the boundary
v = V(X) + ξ · (∇XV)+ 12(ξξ) : (∇X∇XV)+ ∆v(ξ) on ∂∆V (X) (2.88)
corresponding firstly to a strict Taylor expansion and secondly exactly to the kinematic bound-
ary condition (2.76) of Gologanu et al. for vanishing fluctuations ∆v = 0. Eliminating again
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the fluctuations from the requirement (2.79) using Eq. (2.88), the kinematic micro-macro
relation (2.81) becomes





(niξj + njξi) vk dS (2.89)
=2δij 〈vk〉V + 〈ξjvk,i + ξivk,j〉V . (2.90)
For Eq. (2.90) to be consistent for arbitrary imposed rigid-body translations, the macroscopic
velocity is defined as volume average of its microscopic counterpart
V = 〈v〉V , (2.91)
in contrast to definition (2.73) of Gologanu et al. Consequently, Eq. 2.90 becomes
δijGmnVk,mn +GjmVk,im +GimVk,jm = 〈ξjvk,i + ξivk,j〉V . (2.92)
and provides an objective (implicit) kinematic micro-macro relation for the second gradient
Vk,ij . The trace of Eq. (2.92) with respect to i and j yields
(2 + n)GmnVk,mn =2 〈ξivk,i〉V (2.93)
wherein n = δii is the dimension of space. This result can be inserted to Eq. (2.92) yielding
GjmVk,im +GimVk,jm = 〈ξjvk,i + ξivk,j〉V −
2
2 + n
δij 〈ξpvk,p〉V . (2.94)
In the very most cases of practical relevance, the geometric moment G˜ is a spherical tensorG˜ = GI˜ and Eq. (2.94) becomes an explicit expression for the second velocity gradient.Note that the right-hand sides of Eqs. (2.92) or (2.94), respectively, cannot be transformed
completely to surface integrals and thus not be prescribed solely by boundary conditions.
Rather, the constraint Eq. (2.91) with respect to the macroscopic velocity remains as a volume
term. The Hill-Mandel condition (2.83) and the derived definition (2.87) of the hyperstress
are not affected by introducing V in Eq. (2.88). The macroscopic velocity gradient is defined
as ∇XV =
〈∇xv〉V as in the classical theory (2.55) (where mostly only the symmetric part is
transferred).
Static boundary conditions
In analogy to the kinematic boundary conditions (2.65), Mühlich et al. [62] proposed to
amend the classical static boundary conditions (2.43) by an additional term which is linear
with respect to the location x
n · σ˜ = n ·R˜ + n ·T˜ · x on ∂∆V (X) . (2.95)
The definition (2.40) of the macroscopic stress σ¯˜, which is recovered in the strain gradienttheory in Eqs. (2.70) and (2.86), respective, shows that R˜ can be identified as σ¯˜.Mühlich et al. argued that according to the reasoning of Gologanu et al. [44] (as outlined in
section 2.2.2), then T˜ in Eq. (2.95) needs to be identified as the gradient of σ¯˜. Thus, the staticboundary condition (2.95) would be suitable only for a stress gradient theory (compare [63]).
This argumentation would apply also to the justification of an extended boundary condition
as Taylor series by Kouznetsova [56] as outlined in section 2.2.2.
Kaczmarczyk et al. [64] claimed to provide “formulation . . . allowing any type of RVE bound-
ary conditions (e. g. displacement, traction, periodic)” for the homogenisation towards a sec-
ond gradient theory. Having switched “to matrix–vector notation, after FE discretization of
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the RVE”, these authors presented a “generalized form of the RVE boundary conditions” with
some matrices which connect nodal forces and displacements. However, neither in continuum
form nor for the FEM discretization, do they provide formulae but only sketches and (vague)
discussions. The sketches indicate a linear variation of the tractions at the boundary, anal-
ogous to Eq. (2.95). Furthermore, Kaczmarczyk et al. referred to the micro-macro relations
(2.86) and (2.87) for σ¯˜ and M˜∇∇U , respectively. Thus, it may be assumed that their proce-dure would be to determine R˜ and T˜ in (2.95) from the kinetic micro-macro relations (2.86)and (2.87). Again, Eq. (2.86) would yield R˜ = σ¯˜. Equation (2.87) would yield 18 linearequations for the 18 independent components of M˜∇∇U . However, such a procedure conflictswith the cited reasoning of Mühlich et al. [62].
Remarks
Anyway, it can be concluded that the homogenisation theory of Gologanu, Kouznetsova et
al. is a consistent extension of the classical theory of homogenisation. A boundary-value
problem is formulated at the microscale whose solution, either analytical or numerical, leads
to macroscopic constitutive equations for the strain-gradient theory. It has been applied
successfully e. g. in [56, 61, 62, 65]. However, the numerical implementation of a strain-gradient
theory is not trivial due to its continuity requirements and related boundary conditions, in
particular at edges, e. g. [66].
2.2.3. Micromorphic theory by Eringen
With the variational approach or by the method of virtual power, the macroscopic balance
equations are derived from functionals which are formulated axiomatically. In contrast, Erin-
gen et al. [7, 8] presented an approach to obtain the macroscopic balance equations by aver-
aging the established balance equations at the microscale.
Average theorem for balance laws














with ϕm, ψm and ψa and being the densities of storage, sources and flux, respectively, in a
continuum of mass density ρ. The global balance (2.96) can be localized as usual to
ρ
.
ϕm = ∇x · ψa + ρψm in Ω . (2.97)
Thereby, use was made of the balance of mass. According to Eringen [7, 8] macroscopic
counterparts to these balance equations are obtained by dividing the domain Ω into small
but finite volumes ∆V (X) as sketched in Fig. 2.1 for each of which Eq. (2.96) is valid. Finally,
the sum of those many elements is approximated as integrals over the macroscopic domain
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X ∈ ΩX (with boundary ∂ΩX whose normal is N). For the flux terms, this procedure is
written as∫
Ω























































































is obtained with an equivalent local version






+ 〈ρψm〉V . (2.101)












is to replace the average of the divergence of the flux by the “surface operator” 〈(◦)〉∆ applied
to the flux. Unfortunately, to the author’s knowledge, neither Eringen nor any other source
in literature provided yet an explicit definition of the surface operator.
Microscopic balance laws of Cauchy-Boltzmann continuum






ρ (v · v).= ∇x ·
(
σ˜ · v)−∇x · q + ρf · v (2.103)
Entropy: ρ .η +∇x · h ≥ 0 (2.104)
Linear momentum: ∇x · σ˜ + ρf − ρ .v = 0 (2.105)
Angular momentum: ˜ : σ˜ = 0 (2.106)
whereby use was made already of the balance of mass. In these equations, Φ and η are
the specific intrinsic energy and entropy, respectively. Furthermore, v, σ˜ and f denote thevelocity, stress and body force, respectively. The symbols q and h refer to the fluxes of heat
and entropy, respectively.
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Approximation of microscopic velocity field
For a micromorphic continuum of degree one, the microscopic velocity field v(x) is approxi-
mated by a polynomial of order one:
v˜ = V(X) + L˜χ(X) · (x−X) (2.107)
with the macroscopic velocity V and a rate of microdeformation L˜χ. Special cases of (2.107)are the Cosserat (micropolar) continuum with L˜χ = −Ωχ · ˜ so that Ωχ(X) is a microrateof rotation or the microdilatational continuum with L˜χ = 13 .χvI˜. In this context, the Cauchycontinuum with L˜χ = 0 can be seen as a micromorphic continuum of order zero.
Macroscopic balance laws
According to section 2.2.3, the microscopic balance laws of the Cauchy continuum from sec-
tion 2.2.3 yield the following macroscopic counterparts:
Linear and Angular Momentum The microscopic balance of linear momentum (2.105) yields




+ 〈ρf〉V︸ ︷︷ ︸
=:ρf
−ρ .V (2.108)
and allows to define the macroscopic values Σ˜ and f of (extrinsic) stress and body force,respectively. In (2.108), the approximation (2.107) of the velocity field was inserted for the
inertia term and the barycentric definition (2.26) of X was employed with macroscopic mass
density ρ defined as volume average according to Eq. (2.25).
Berglund [67] employed the classical definition (2.40) of the macroscopic stress Σ˜ in (2.108),though without addressing the double stresses or the surface operator in general.
Furthermore, a macroscopic counterpart of the balance of linear momentum weighted with
the distance ξ = x − X will be needed for the energy balance. With respect to the linear
approximation (2.107) of the velocity field, this might be interpreted as a Galerkin approach.
The balance of linear momentum (2.105) weighted by x can be written as
∇x ·
(
σ˜ ⊗ x)− σ˜T + ρf ⊗ x− ρ .v ⊗ x = 0 (2.109)
and thus exhibits also the structure of a balance equation (2.97) so that the average theorem
(2.101) can be applied to obtain a macroscopic counterpart. Upon subtraction of Eq. (2.108)
weighted by the macroscopic location X (and written in a form as Eq. (2.109)) and inserting
again Eq. (2.107) for the inertia term, one obtains
0 = ∇X ·
〈






− 〈σ˜T〉V︸ ︷︷ ︸
=:σ¯˜T
+ 〈ρf ⊗ (x−X)〉V︸ ︷︷ ︸
=:ρm˜
− .L˜χ · 〈ρξ ⊗ ξ〉V︸ ︷︷ ︸
=:G˜ ρ
(2.110)
The balance of angular momentum (2.106) yields the symmetry of the macroscopic intrinsic
stress
0 = ˜ : σ¯˜ . (2.111)
The macroscopic counterpart to (2.106) weighted with ξ does not yield additional information.
Equations (2.108), (2.110) and (2.111) have identical structure as Eqs. (2.29), (2.30) and
(2.31) of Mindlin (except higher order body forces m˜ which could be incorporated easily inMindlin’s approach). The comparison shows that the internal stress σ¯˜ corresponds to the
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volume average of the microscopic stress. The external stress Σ˜ and the double stress M˜ aredefined via the surface operator.
Eq. (2.111) can be also inserted in the skew-symmetric part of (2.110):
0 = ∇X ·M˜ : ˜−Σ˜ : ˜+ ρm˜ : ˜− .L˜χ ·G˜ ρ : ˜ (2.112)
The term Σ˜ : ˜ on the right-hand side can be transformed to storage and divergence partsas in classical continuum mechanics so that, in absence of body forces and moments, (2.112)
as the skew-symmetric part of (2.110) has conservation type and can, in analogy to classical
continuum mechanics, also be interpreted as macroscopic balance of angular momentum (as
usually done in Cosserat theory, cf. Section 3.6.2).


















σ˜ · v〉∆ −∇X · 〈q〉∆︸ ︷︷ ︸
=:Q
+ 〈ρf · v〉V (2.113)
and allows to introduce the macroscopic values Φ and Q of specific intrinsic energy and heat
flux, respectively. Replacing the local velocity field v(x) by its approximation (2.107) and














Σ˜ ·V + M˜ : L˜χ
)
−∇X ·Q + ρf ·V + ρm˜ : L˜χ
(2.114)
The balance of internal energy is obtained by applying the product rule and inserting the
balances of momenta (2.108), (2.110) and (2.111) as
ρ
.
Φ = Σ˜ : ∇XV + (σ¯˜T −Σ˜T) : L˜χ + M˜ ...∇XL˜χ −∇X ·Q
= σ¯˜ : D˜ + (Σ˜T − σ¯˜)︸ ︷︷ ︸
=s˜
: L˜e + M˜ ...L˜K −∇X ·Q . (2.115)
Therein, the Eulerian rates of deformation D˜ = sym (∇XV), L˜e = V ⊗ ∇X − L˜χ and L˜K =∇XL˜χ have been introduced. For infinitesimal deformations, they coincide with the ratesof Mindlin’s measures of deformation D˜ = .E˜ , L˜e = .e˜, L˜K = .K˜ so that Eq. (2.115) recoversMindlin’s expression for the work for the isothermal and reversible case, compare in particular
Eq. (2.28) in Section 2.1.3. Equation (2.115) can also be written as
ρ
.
Φ = Σ˜ : L˜eT + σ¯˜ : sym (L˜χ) + M˜ ...L˜K −∇X ·Q . (2.116)
This shows that that L˜χs := sym (L˜χ) and L˜eT are the work-conjugate deformation measuresto σ¯˜ and Σ˜ as favored by Eringen and Suhubi [9].The microscopic entropy balance (2.104) yields its macroscopic counterpart of identical
structure




+∇X · 〈h〉∆︸ ︷︷ ︸
:=H
≥ 0 (2.117)
defining the macroscopic values S and H of specific entropy and flux of entropy, respectively.
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Remarks
The problem is that, to the author’s best knowledge, neither Eringen nor other researchers
provided yet an explicit definition of the surface operator 〈(◦)〉∆ which occurs for every flux-
like quantity. Kinematic micro-macro relations were specified by Eringen neither.
2.2.4. Average field theory by Forest et al.
Kinematics
In order to address kinematic micro-macro relations for a micromorphic theory, Forest and
Sab [46, 47] distinguished between the actual displacement field u(x) at the microscale and its
macroscopic approximation u˜(X,x). For the latter, Forest et al. adopted the linear approach
of Mindlin and Eringen, Eqs. (2.21) and (2.107), respectively,
u˜ = U(X) + χ˜(X) · (x−X) . (2.118)
The macroscopic displacement U(X) and the microdeformation χ˜(X) are defined from thepostulate that the error between this approximation and the true microscopic field u(x) is





If X is defined as the location of the geometric center of ∆V , i. e.
X = 〈x〉V . (2.120)
then the optimization problem (2.119) yields [46]
U(X) = 〈u〉V (2.121)
χ˜(X) = 〈u(x)⊗ (x−X)〉V ·G˜−1 (2.122)
with G˜ referring again to the second geometric moment of ∆V , Eq. (2.82).Both, in the macroscopic theory of Mindlin, section 2.1.3, and in the microscopic theory of
Eringen, section 2.2.3, the gradients of the macroscopic quantities U(X) and χ˜(X), or of therespective velocities, appear as measures of deformation.
These macroscopic gradients of the integrals in (2.121) and (2.121) defined by the average













Therein, it was assumed that the size ∆V does not depend on X. Applying the average
theorem (2.123) to Eqs. (2.121) and (2.121) yields
∇XU =
〈∇xu〉V (2.124)
























G−1mk − 〈uj〉V G−1ik .
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Therein, ≈IT is the transposing forth order tensor defined as a˜T = ≈IT : a˜. For Eq. (2.125)it was assumed that the geometric moment G˜ does not depend on X. The symmetric partof Eq. (2.124) coincides with Hill’s definition (2.36) of the macroscopic strain in the classical
theory of homogenisation.
Note that the kinematic micro-macro relations (2.121), (2.122), (2.125) for U, χ˜ and K˜ ,respectively, cannot be converted completely to surface integrals. Although the macroscopic
displacement U = 〈u〉V itself is mostly of minor interest, it remains as volume term in
Eq. (2.125). This term is necessary for Eq. (2.125) to be objective, compare section 2.2.2.
Comparing in particular Eq. (2.125) with Eq. (2.94) shows that the modified micro-macro
relation (2.94) for the second gradient K˜∇∇U = ∇Xu⊗∇X contains certain components ofK˜ from relation (2.125). However, K˜∇∇U is symmetric whereas K˜ does not exhibit anysymmetry ad hoc.
Polynomial approach
Forest et al. [47, 68, 69] extended the quadratic ansatz (2.65) of Gologanu et al. [44] by a
cubic term (with coefficients ≈D) and fluctuations ∆v(ξ)
u = A + B˜ · ξ + C˜ : (ξξ) + ≈D...(ξξξ) + ∆u(ξ) (2.126)
in order to homogenize a Cauchy-Boltzmann continuum at the microscale towards a micromor-
phic continuum at the macroscale. Later, even a quartic term was amendend [68]. However,
certain kinematic micro-macro relations cannot be transformed to surface integrals as men-
tioned already. This means that the microdeformation χ˜ and a certain part of K˜ cannot beprescribed by kinematic boundary conditions.
For that reason, several authors, e. g. [47, 50, 68, 70], assumed a polynomial displacement
field (2.126) in the complete volume element ξ ∈ ∆V (X) and inserted it to the kinematic
micro-macro relations (2.121), (2.122), (2.124) and (2.125). This are four tensorial equations
for the four tensors U, χ˜, ∇XU and K˜ . However, the coefficient tensors A, B˜ , C˜ , ≈D have60 independent components which contribute to v(ξ) in (2.126) compared to 48 independent
coefficients of the macroscopic kinematic quantities U, χ˜, ∇XU and K˜ . Thus, even withoutfluctuations ∆v(ξ) = 0, the coefficient tensors cannot be determined uniquely. Mostly, certain
coefficients were fixed more or less arbitrarily ad hoc to a certain value in order to solve the
under-determined system of equations for A, B˜ , C˜ , ≈D (and eventually coefficients of quarticterms). Similarly, a piecewise linear approach with fixed coefficients was employed in several
studies [67, 71–74].
Having identified these coefficients in terms of U, χ˜, ∇XU and K˜ , attempts were presentedwere the polynomial field (2.126) was prescribed either only at the boundary ξ ∈ ∂∆V or in
the complete volume element ξ ∈ ∆V (X). In both cases, the internal work 〈σ˜ : .ε˜〉V can beevaluated and used to define the work conjugate stress measures by means of a generalized
Hill-Mandel condition 〈
σ˜ : .ε˜〉V = σ¯˜ : .E˜ + s˜ : .e˜+ M˜ ... .K˜ (2.127)
motivated by the macroscopic virtual work (2.28). In Eq. (2.127) it was assumed that the
fluctuations ∆u(ξ), if considered, do not contribute to the work. A number of attempts was
presented to characterize potential symmetry properties of ∆u(ξ) which shall not be discussed
here.
If a polynomial field like (2.126) is prescribed only at the boundary ξ ∈ ∂∆V as done
e. g. in [69, 70, 75], a boundary value problem is formulated at the microscale together with
the equilibrium condition ∇x · σ˜ = 0 in ∆V (and an adequate description of ∆v). Thisboundary value problem problem contains the classical homogenisation as a special case.
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However, the non-classical kinematic micro-macro relations (2.121) and (2.125) are in general
not satisfied. In this sense, the micromorphic homogenisation with polynomial boundary
conditions is inconsistent. In contrast, if the polynomial field (2.126) is prescribed in the
complete volume element ξ ∈ ∆V , then also the non-classical kinematic micro-macro relations
can be satisfied. If the non-classical terms are absent, the approach corresponds to a Taylor-
Voigt estimate which is known to yield only very rough upper bound estimates. In both cases,
the indeterminacy of the cubic coefficients of (2.126) is problematic.
Minimal loading conditions
As alternative to the polynomial approach to micromorphic homogenisation, Jänicke and
Steeb [76] proposed the “minimal loading conditions” concept. The idea is to prescribe the
kinematic micro-macro relations (2.121), (2.122), (2.124) and (2.125) as only global constraints
at the micro-scale in a displacement-based FE2 formulation.
In the present contribution, the corresponding boundary-value problem at the micro-scale
shall be formulated. Firstly, hyperelastic material is considered at the micro-scale. In this
case, the boundary-value problem can be formulated equivalently in variational form by the
principle of minimum strain energy. The kinematic micro-macro relations are implemented
by Lagrange multipliers as only constraints:














The stationarity conditions are the kinematic micro-macro relations (2.121), (2.122), (2.124)
and (2.125) as well as
0 = δL = 〈σ˜ : δε˜〉V −λU · 〈δu〉V −λ˜∇U : 〈∇xδu〉V −λ˜χ : 〈δuξ〉V ·G˜−1−λ˜K ... 〈∇xδuξ〉V ·G˜−1 .(2.129)
Equation (2.129) holds for all kinematically admissible trial fields δu(x). Among those fields is
the actual velocity vield v(x). Inserting it together with the kinematic micro-macro relations
(2.121), (2.122), (2.124) and (2.125) yields〈
σ˜ : .ε˜〉V = λU · .U + λ˜∇U : ∇X .U + λ˜χ : .χ˜ + λ˜K ... .K˜ . (2.130)
Interpreting Eq. (2.130) as a generalized Hill-Mandel lemma, it turns out that the Lagrange
multipliers λU , λ˜∇U , λ˜χ and λ˜K are the work-conjugate measures to the kinematic quantitiesU, ∇XU, χ˜ and K˜ , respectively. Favorably, Eq. (2.130) is written in terms of the objectivedeformation measures E˜ , e˜ and K˜ as〈





A comparison with the macroscopic internal work in Eq. (2.28) reveals that the Lagrange
multipliers are related to the macroscopic stress measures as
σ¯˜ = sym (λ˜∇U + λ˜χ) , s˜= −λ˜χ , M˜ = λ˜K . (2.132)
Furthermore, Eq. (2.129) can be evaluated for a rigid translation and a rigid rotation yielding
λU = 0 and skw (λ˜∇U + λ˜χT) = 0 as conditions of total equilibrium of the volume element∆V . Consequently, the last two terms in Eq. (2.131) being related to macroscopic rigid body
motions
.
U and W˜ = skw∇X .U vanish identically.
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With these results, the strong form to Eq. (2.129) can be written as




: G˜−1 ∀ξ ∈ ∆V (2.133)
n · σ˜ = n · (σ¯˜ + s˜T)+ n ·M˜ ·G˜−1 · ξ ∀ξ ∈ ∂∆V (2.134)
Obviously, in absence of non-classical stresses s˜= 0 and M˜ = 0, the boundary-value problemreduces to the classical homogenisation with static boundary conditions (2.43). Thus, the
concept of minimal loading conditions may be interpreted as extension of static boundary
conditions towards micromorphic homogenisation. However, in classical homogenisation a
micro-macro relation (2.40) is imposed for the stress as well which has to be satisfied by static
boundary conditions. To the author’s knowledge, no such relations were proposed yet for the
micromorphic homogenisation.
For the classical homogenisation, the macroscopic stress can be defined as volume average
(2.35) or via a surface integral according to Eq. (2.40). Both definitions coincide since∇x·σ˜ = 0is imposed ∀ξ ∈ ∆V in Eq. (2.38). In contrast, by means of the minimal loading conditions
concept, in their role as Lagrange multipliers certain macroscopic stresses act like volume
forces in Eq. (2.133). In particular, the volume terms are associated with those deformation
measures whose kinematic micro-macro relations cannot be converted to surface integrals.
In view of Eq. (2.118), Forest and Sab [77] interpreted the microdeformation tensor χ˜ as“relaxed” gradient of displacements. In this sense, the appearance of the difference stress s˜as distributed volume force in Eq. (2.133) can be interpreted as a penalty for the difference
between χ˜ and the actual gradient of displacements.Evaluating the volume and surface definitions Eqs. (2.35) and (2.40) under consideration









ξ ⊗ n · σ˜ dS − 〈ξ ⊗ (∇x · σ˜)〉V = σ¯˜ (2.136)
shows that the surface integral yields the external stress Σ˜ = σ¯˜ + s˜T whereas the volumeaverage yields the internal stress σ¯˜.According to Mindlin, the second gradient theory is a special case of the micromorphic
theory. Thus, it is appealing to insert the stress field related to Eq. (2.133) with static
boundary condition (2.134) to the micro-macro relation (2.87) of Kouznetsova, Gologanu et
al. The latter was written either as a volume integral or a surface integral. For Eqs. (2.133)–




























It turns out that both integrals are related only to the part of the double stress M˜ whichis symmetric with respect to its first and third index. The skew-symmetric part does not
contribute to either of the integrals. This observation is related to the fact that within the
second-gradient theory, the second displacement gradient K˜∇∇U or, equivalently, the straingradient K˜∇E as additional deformation measures exhibits a symmetry and so do their work-conjugate stress measures M˜∇∇U and M˜∇E , respectively. For the micromorphic theory, the
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stress M˜ defined to be work-conjugate to the gradient of the microdeformation K˜ does not ex-hibit necessarily such a symmetry. For the same reason, a quadratic polynomial (2.65) cannot
be used as kinematic boundary condition to satisfy the kinematic micro-macro relation (2.125)
for K˜ ad hoc.Anyway, for a hyperelastic material, the Hill-Mandel condition (2.131) with Eq. (2.132) can
be integrated towards a macroscopic strain energy density
W (E˜ , e˜,K˜ ) = 〈W 〉V (2.139)
as average of its microscopic counterpart. It forms indeed a potential for the macroscopic
stresses σ¯˜, s˜ and M˜ as in Mindlin’s theory, Eq. (2.29) (and assumed e. g. in [4, 47]). By meansof Ritz’ method, approximate solutions to the variational problem (2.128) can be constructed.
In particular, a polynomial ansatz like Eq. (2.126) may be chosen for ξ ∈ ∆V (X). By means of
interpretation as Ritz approach to the problem of minimal loading conditions, it is immediately
clear how the spurious coefficients of cubic, quartic or even higher terms are to be determined.
Vice versa, a polynomial ansatz (2.126) with arbitrarily fixed coefficients which satisfy the
kinematic micro-macro relations provides a rigorous upper bound — however, in general not
the best one among cubic polynomials.
Remarks
The kinematic micro-macro relations of the average field theory can be implemented using
the minimal loading conditions concept. In this way, a boundary-value is formulated at
the microscale whose solution allows to derive macroscopic constitutive laws for any mate-
rial behavior at the microscale. The surface and volume integrals from classical theory of
homogenisation constitute suitable kinetic micro-macro relations for the internal and the ex-
ternal stress, respectively. However, no such relation could be found for the double stress M˜and no kinematic boundary condition could be identified. The minimal loading conditions
concept can be seen as extension of static boundary conditions in classical theory of homogeni-
sation. However, static boundary conditions are seldom chosen in classical homogenisation as
they yield generally a response which underestimates the effective stiffness.
2.3. Scope of the present thesis
Comparing the discussed approaches, it can be found that Mindlin, Kouznetsova and Golo-
ganu, Forest et al. incorporate kinematic relations at the microscale. However, the macro-
scopic balance equations are postulated via the method of virtual power. In contrast, Eringen
derived the balance equations from an averaging procedure. However, kinematic micro-macro
relations are missing in his theory as well as a rigorous definition of the utilized “surface
operator”.
A micromorphic theory should contain the strain-gradient theory as a special case. A
comparison of the (modified) strain-gradient framework of Gologanu, Kouznetsova et al. with
the micromorphic theory shows indeed several similarities. The (modified) kinematic micro-
macro relation (2.94) for the second gradient contains several components of the corresponding
relation (2.125) in the micromorphic theory. The kinetic micro-macro relation for the double
stress from the strain-gradient theory yields at least the symmetric part of the micromorphic
double stress, Eq. (2.138). The surface and volume definitions of the macroscopic stress from
the classical theory of homogenisation allow to distinguish internal and external stress in
Forest’s approach to micromorphic theory. And both types of stresses are present in Eringen’s
approach as well.
Regarding the minimal loading conditions concept, it was found that the Lagrange multi-
pliers which enforce those kinematic micro-macro relations which cannot be transformed to
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pure surface integrals, act like volume forces at the microscale in Eq. (2.133). Size effects are
often observed for porous media like foams. However, the pores cannot carry such volume
forces. The problem arises from the fact that the respective kinematic micro-macro relations
require to have a displacement field defined everywhere at the microscale. Though, this is not
uniquely possible within a pore.
The scope of the present thesis is modify the aforementioned approaches in a complete
and consistent theory of micromorphic homogenisation, including the most relevant special
cases of strain-gradient theory, micropolar theory and micropolar theory. Selected example
applications, in particular for porous media, shall serve to demonstrate the method and to
discuss its possibilities and limitations.
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3. Homogenisation towards a micromorphic
continuum
3.1. Thermodynamic considerations and generalized Hill-Mandel
lemma
Let us assume, that the continuum at the microlevel does not only obey balance equations
(2.103)–(2.106), but that it is furthermore a Coleman-Noll continuum [78] so that the specific




, σ˜PK = ρ0∂Φ∂F˜ (3.1)
Consequently, the microscopic energy balance (2.103) reduces to






denotes the specific dissipation due to a change of internal variables h. Equation (3.2) is again
of balance type. Consequently, average lemma (2.101) leads to a macroscopic relation
〈ρD〉V︸ ︷︷ ︸
=:ρD




= ∇X ·Q , (3.4)
which implies the given definition of macroscopic values Θ and D of temperature and dissipa-
tion, respectively. For a material model at the microscale with D ≥ 0, this definition implies
D ≥ 0 at the macroscale. Equation (3.4) can be used to eliminate the heatflux Q from the
macroscopic balance of internal energy (2.115):
ρ
.
Φ = Σ˜ : ∇XV + (σ¯˜T −Σ˜T) : L˜χ + M˜ ...L˜K + ρΘ .S − ρD (3.5)










= 〈ρθ .η〉V +
〈
σ˜ : d˜〉V − 〈ρD〉V . (3.6)
Equating this relation to (3.5) and eliminating identical terms on both sides using (3.8) and
the definitions in (3.4) leads to a generalized Hill-Mandel lemma〈
σ˜ : d˜〉V =Σ˜ : ∇XV + (σ¯˜T −Σ˜T) : L˜χ + M˜ ...L˜K
=σ¯˜ : D˜ + s˜ : L˜e + M˜ ...L˜K
(3.7)
However, in contrast to classical homogenisation it is no ad-hoc requirement but a consequence
of the employed definitions of macroscopic quantities and the fact that the continuum at the
microscale is of Coleman-Noll type.
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If the macroscopic specific internal energy can be identified as a function Φ(E˜ , e˜,K˜ , S,H) ofmacroscopic entropy S and intrinsic variablesH as well as (Lagrangian) deformation measures
E˜ , e˜ and K˜ then Eq. (3.5) can be fulfilled for all kinematically admissible fields V(X), L˜χ(X)and S(X) (and thus also arbitrary values of their gradients) if and only if










Thus, a homogenisation can equivalently be performed with respect to Φ and D (and fluxes
Q and H of heat and entropy in thermomechanical problems) as done e. g. in [4, 47].
Equations (3.8) would be a common finding of a Coleman-Noll procedure. However, in
contrast to the latter no a priori constitutive law on the flux of entropy H is necessary.
3.2. Surface operator and kinetic micro-macro relations
In the micromorphic theory of Eringen as outlined in Section 2.2.3, flux-like macroscopic
quantities like the external stress Σ˜ , the double stress M˜ or the fluxes Q and H of heatand entropy, respectively, are defined by application of the surface operator 〈(◦)〉∆ to the
respective microscopic quantities. Unfortunately, Eringen did not provide an exact definition
of the surface operator. However, the envisaged theory of homogenisation towards a micro-
morphic continuum shall contain the special case of classical homogenisation as presented in
Section 2.2.1. In this section was shown that the macroscopic stress can be computed from
a surface integral in Eq. (2.40) (as done also by Berglund [67]). A comparison of Eq. (2.40)






ξ ⊗ n · (◦) dS . (3.9)
Consequently, the kinetic micro-macro relations for Σ˜ and double stress M˜ read
Σ˜ = 〈σ˜〉∆ = 1∆V
∮
∂∆V






ξ ⊗ n · σ˜ ⊗ ξ dS . (3.11)
The internal stress as volume average
σ¯˜ = 〈σ˜〉V (3.12)
was already introduced by Eringen in Eq. (2.110). It has to be remarked that according to
(3.11), the double stress M˜ is symmetric with respect to its first and last index — a symmetrywhich is not required per se in Mindlin’s theory as outlined in Section 2.1.3. Due to this




kji)/2 of the gradient of rate of microdeformation
L˜K contributes to the internal energy which has the same symmetry. Consequently, thegeneralized Hill-Mandel lemma (3.7) becomes〈
σ˜ : d˜〉V =Σ˜ : ∇XV + (σ¯˜T −Σ˜T) : L˜χ + M˜ ...L˜Ks . (3.13)
Note that Eq. (3.11) is identical to the respective definition (2.87) in the second-gradient the-
ory, up to a factor of 1/2. However, in Section 2.2.4 it was demonstrated that definition (3.11)
of M˜ is not compatible with the kinematic micro-macro relations of Forest et al. within theconcept of minimal loading conditions.
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3.3. Kinematic micro-macro relations
The question is thus, how the kinematic micro-macro relations need to be formulated such
that they are compatible with the kinetic micro-macro relations (3.10)–(3.12) in the sense that
they satisfy the generalized Hill-Mandel lemma (3.7). In Section 2.2.4 it was shown that a
generalized Hill-Mandel condition can be satisfied by means of the concept of minimal loading
conditions where the macroscopic stresses appear as Lagrange multipliers to enforce the kine-
matic micro-macro relations. This approach lead to a boundary value problem (2.133)–(2.134)
at the microscale.
In order to reconstruct the kinematic micro-macro relations which are compatible with
(3.10)–(3.12), it is advantageous to construct the minimal loading conditions in inverse direc-
tion, starting with the boundary value problem at the microscale.
In the Hill-Mandel lemma (3.7), the difference Σ˜ − σ¯˜ between external and internal stressappears as work-conjugate term to the rate of microdeformation L˜χ. Inserting Eqs. (3.10)–(3.12) and applying the Gauss theorem
Σ˜ − σ¯˜ = 〈ξ ⊗ (∇x · σ˜)〉V . (3.14)
shows that the stress difference is related to ∇x · σ˜ at the microscale as was already foundin Section 2.2.4. Therein, a linear dependency of ∇x · σ˜ on ξ was found as well as a lineardependency of the tractions σ˜ · n at the boundary.For this reason, such linear ansatzes are adopted here as well for the boundary-value problem
at the microscale:
∇x · σ˜ = A˜ · ξ + B− λV in ∆V (X) (3.15)
n · σ˜ = n ·D˜ + n ·C˜ · ξ on ∂∆V (X) . (3.16)
Note that the Lagrange multiplier λV was inserted in Eq. (3.15) to enforce
V = 〈v〉V , (3.17)
compare Eqs. (2.91) and (2.121). However, λV = 0 needs to hold since no work shall be
associated with a rigid translation V. Thus, the kinetic micro-macro relations (3.10)–(3.12)
together with the total balance equations for ∆V provide exactly as many linear equations





= 0 shall be
considered, i. e. that the geometric center coincides with the bary center of the volume element
∆V . In this case certain equations decouple. Firstly, it is found by inserting Eq. (3.16) to
Eq. (3.10) that the coefficient D˜ has to be identified with the external stress Σ˜ . Furthermore,inserting the ansatz to (3.11) and (3.14) allows to express the coefficients in terms of the
additional stress measures:












Therein, G˜ refers to the second geometric moment of ∆V according to Eq. (2.82). Note, thatthe linear boundary term (3.19) is in general not self-equilibrating in Eq. (3.16). Consequently,
1Due to the symmetry of the hyperstress M˜ , not all components of C˜ contribute to M˜ . Vice versa, (3.11) doesnot determine C˜ uniquely. Eq. (3.19) incorporates only those components of C˜ which have the respectivesymmetry and which are thus uniquely defined.
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for the boundary value problem (3.15)–(3.16) at the microscale to have a solution, the non-



















Finally, the balance equation and natural boundary conditions at the microscale become




: G˜−1 − λV , σ˜T = σ˜ in ∆V (X) (3.21)










: G˜−1 on ∂∆V (X) (3.22)











Equations (3.21) and (3.22) are the Euler-Lagrange equations of the stationarity condition
0 =
〈















In the last term in Eq. (3.23), the symmetry of M˜ was taken into account which is why onlythe part of its co-factor contributes which has the same symmetry. The actual microscopic
velocity field v(ξ) is among the admissible test fields δu(ξ) so that (3.23) holds also if δu(ξ)
is replaced by v(ξ). Then, a comparison with the Hill-Mandel lemma (3.13) shows that the
macroscopic rates of deformation have to be identified as
∇XV =
〈∇xv〉V
L˜χ = 〈v ⊗ ξ〉V ·G˜−1 (3.24)
L˜Ks = 12≈IS :
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Equation (3.17) for the macroscopic velocity remains valid together with λV = 0. If the
stresses σ˜ have a variational potential δW = σ˜ : δε˜ and only small deformations are considered,then the variational problem to (3.23) and (3.24) reads
L = 〈W 〉V + Σ˜ :
(
∇XU−
〈∇xu〉V )+ λV · (U− 〈u〉V ) + (σ¯˜T −Σ˜T) :
(




K˜ s − 12≈IS :
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Therein, the macroscopic stresses Σ˜ , s˜= Σ˜T−σ¯˜T and M˜ have the role of Lagrange multipliersto enforce the kinematic micro-macro relations (3.24).
In Eq. (3.24), all deformation measures are insensitive to rigid translations. A pure rotation
v = W˜ · ξ with W˜T = W˜−1 does not affect L˜Ks but leads to identical values V ⊗ ∇X =L˜χ = W˜ . Consequently, the measures of rate of deformation D˜ = sym (∇XV), sym (L˜χ),










Fig. 3.1.: Loading of the volume element ∆V (X) by non-classical stresses: (a) M˜ = b1b1b1, (b) M˜ =b1b1b1 − b1b2b1, (c) M˜ = b1b1b2 + b2b1b1, (d) σ¯˜ −Σ˜ = b1b1, (e) Σ˜ = b1b2 − b2b1
L˜e = ∇XV − L˜χT and L˜Ks defined in Eqs. (2.115)–(2.116) are also invariant to a super-imposed rotation and are thus objective and so are their work-conjugate stresses σ¯˜, s˜ Σ˜ andM˜ , respectively.Note that the micro-macro relations for the deformation measures ∇XV and L˜χ in (3.24)are identical to the definitions (2.121)–(2.122) of Forest et al. In particular, definitions (3.17)





between the microscopic velocity field v and its macroscopic approximation v˜ according to
Eq. (2.107). Thus, the kinematic micro-macro relations (3.24) are kinematically consistent in
a sense that v˜ from (2.107) leads to identities for V and L˜χ. However, expression (3.24)3 forK˜ s differs to Eq. (2.125) of Forest et al. Furthermore, it can be remarked that, in contrastto the derivation of the deformation measures by Forest et al. as outlined in Section 2.2.4,
the present approach does not require that the macroscopic gradients of the geometry entities
∆V (X) and G˜ (X) vanish.The loading of the volume element according to (3.23) for natural boundary conditions is
sketched in Fig. 3.1 for several non-classical cases for a rectangular ∆V . Thereby, the bi
denote to the base vectors of the coordinate system. Fig. 3.1a shows the effect of hyperstress
M111 for which volume loads occur due to a non-vanishing “spherical” part of M˜ according to(3.20). In contrast, for a “deviatoric” hyperstress M111 = −M121 in Fig. 3.1b the macroscopic
stress results only in tractions at the microscopic boundary. In both cases, the tractions
at opposite faces are identical, i. e. in the terminology of classical homogenisation they are
periodic. In contrast, the bending-type mode in Fig. 3.1c leads to anti-periodic tractions. The
effect of an internal stress difference is sketched in Fig. 3.1d. Fig. 3.1e shows the loading of
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∆V for a skew-symmetric extrinsic stress Σ12 = −Σ21. In this case the torque of the tractions
is compensated by volume contributions of opposite direction which twist the volume element
∆V internally.
3.4. Porous material
Size-effects as deviations from the predictions of the Cauchy-Boltzmann theory were observed
in particular for foams and motivated phenomenological modeling by generalized continuum
theories, e. g. [18, 21, 23, 27, 30, 79–81]. Also ductile failure is caused by growth of voids
and the associated localization of deformations requires a continuum model with an intrinsic
length scale, e. g. [81–90].
It is desirable to obtain the macroscopic constitutive behavior for a porous material by
homogenisation by solving the respective boundary value problem at the microscale. For
the boundary value problem (3.21) and (3.22) formulated in the previous section, and analo-
gously Eqs. (2.133)–(2.134) in Section 2.2.4, some non-classical stresses act like volume forces,
compare also Fig. 3.1.
A porous medium can thus be not homogenized by this procedure since pores cannot carry
volume forces. Note that the non-classical stresses appear as volume terms in their role as
Lagrange multipliers to enforce those non-classical kinematic micro-macro which cannot be
transformed to surface integrals. This finding is related to the fact that the microscopic
displacement field u(x) needs to be uniquely-defined in the complete volume element x ∈
∆V (X) in order to evaluate the non-classical kinematic micro-macro relations (2.121) and
(2.125) or (3.24) and (3.25), respectively.
In contrast, in classical homogenisation u(x) needs to be defined uniquely only at the
boundary x ∈ ∂∆V . For that reason it is no problem to apply classical homogenisation to
porous materials, although no unique displacement field can be defined in the pores. When
transforming the classical micro-macro relation (2.35) for the strain to a surface integral (2.41)
by Gauss theorem, it suffices to assume that a displacement field u(x) of sufficient regularity
could be defined arbitrarily in the void.
To sum up, the non-classical kinematic micro-macro relations given so far require a uniquely
defined displacement field in the pores and their enforcement by Lagrange multipliers gener-
ates volume forces in the void which cannot be carried by the “empty material” there. Thus,
in order to homogenize a porous material to a micromorphic continuum, the non-classical
kinematic micro-macro relations (2.125), (3.24) and (3.25) need to be modified in such a way
that only the displacement field of the matrix, outside the pores, is required. Then, no volume
forces will appear in the voids and no arbitrary displacement field needs to be defined in the
pores.
However, note that the averaging procedure of Eringen as outlined in Section 2.2.3 requires
that the material at the microscale is of Cauchy-Boltzmann type, i. e. that the local balance
equations (2.103)–(2.106) hold everywhere at the microscale x ∈ ∆V (X). For this purpose,
vanishing fields of stress σ˜(x) = 0 and density ρ = 0 can be defined for the pores without anyproblem. This definition ensures sufficient regularity of tractions at the surface of the pores
and the local balance equations (2.103)–(2.106) are satisfied identically in the pores.
In order to derive the kinematic micro-macro in an inverse manner as in the previous section,






∇x · σ˜ = HV (ξ) [A˜ · ξ + B− λV ] in ∆V (X) (3.28)
Firstly, let us assume that this weighting function is 1 in the matrix material and 0 in the pores.
Thus, the equilibrium conditions are satisfied identically in the pores. The static boundary




Fig. 3.2.: Loading of the volume element ∆V (X) with void for several non-classical stresses: (a) M˜ = b1b1b1,(b) M˜ = b1b1b1 − b1b2b1, (c) Σ˜ = b1b2 − b2b1
conditions (3.16) are retained which requires that no pores intersect with the boundary ∂∆V
of the volume element . Otherwise “empty” material of the pores would have to carry the finite
boundary tractions. This restriction applies already to classical homogenisation with static
boundary conditions (2.43) and shall not be addressed here. Note only that if this restriction





Anyway, the ansatz (3.16) and (3.28) is inserted again to the kinetic micro-macro relation





























thermore, the second geometric moment of the matrix were defined as

















computes the average over the matrix. By Eqs. (3.29) and (3.30), Eq. (3.28) becomes




































The loading resulting from (3.33) together with the natural boundary condition (3.22) is
visualized in Fig. 3.2 for some non-classical loading cases. Equation (3.33) together with the
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natural boundary condition (3.22) allow to compute
〈
σ˜ : d˜〉V . From the generalized Hill-Mandel lemma (3.13), the kinematic micro-macro relations can thus be identified as
V = 〈v〉M (3.34)


















































Compared to Eqs. (3.17) and (3.24) for the compact material, in Eqs. (3.34)–(3.37) all volume
averages which cannot be transformed to surface integrals appear only as average 〈(◦)〉M over
the matrix material. Vice versa, Eqs. (3.17) and (3.24) for the compact material are a special
of Eqs. (3.34)–(3.37) when the matrix material 〈(◦)〉M encompasses the complete volume





This means that Eqs. (3.17) and (3.24) minimize the discrepancy between the actual velocity
field v(x) and its approximation (2.107) in the matrix only, not in the complete volume
element ∆V as in Eqs. (2.119) and (3.27).
Furthermore, note that Eqs. (3.34)–(3.37) were derived without any assumption with respect




or its differentiability. This means
that it does not necessarily need to be identified with the indicator function. Also other




= ρ would be possible. Recently, Biswas and
Poh [91] proposed a homogenisation theory which defines the kinematic micro-macro relation
for microdeformation χ˜ as a surface integral over intrinsic interfaces of the material. Theapproach of Forest [36] to prescribe a “relative rotation of the microstructure with respect to
the material lines” to determine the “resistance to inner rotation” for a Cosserat theory may
be interpreted in the same sense. The definition of χ˜ over an interface can be covered byEq. (3.35) by choosing HV (ξ) as Dirac-Function at the interface.
3.5. Kinematic and periodic boundary conditions
Kinematic boundary conditions
In classical homogenisation, kinematic boundary conditions (2.45) are constructed by a poly-
nomial to satisfy the kinematic micro-macro relation (2.36) which can be converted to a
surface integral (2.41). For the homogenisation towards a micromorphic continuum, the re-
spective kinematic micro-macro relations (3.34)–(3.37) cannot be transformed completely to
surface integrals and can thus not be satisfied completely by kinematic boundary conditions.
3.5. Kinematic and periodic boundary conditions 45
However, kinematic boundary conditions can be constructed in such a way to satisfy at least
those kinematic micro-macro relations which can be written as surface integrals. This is the
classical velocity gradient ∇XV in Eq. (3.36).









vjnmξm dS − n 〈vj〉M
 (3.39)
of L˜Ks contains the macroscopic velocity V = 〈v〉M as volume average and can thus notbe prescribed as kinematic boundary condition. This is consistent with the fact that the
corresponding part of the double stress appears as volume term in the microscopic equilibrium






























can be expressed in terms of surface integrals and thus be prescribed by kinematic boundary
conditions. In particular, the quadratic ansatz (2.65) of Gologanu et al. [44] is adopted
v = V0 + ξ · ∇XV + ξ ·D˜ · ξ on ∂∆V (X) (3.41)
here wherein the linear term satisfies Eq. (3.36) for the velocity gradient as usual. Inserting
(3.41) to (3.39) and (3.40) leads to a linear system of equations




Vj − V 0j
)
(3.42)






for the components Dijk of the quadratic term (actually only those which are symmetric with
respect to i and k and thus contribute to (3.41)) whereby definition (3.34) of the macroscopic







Vj − V 0j
)
G−1ik (3.44)
Thus, the kinematic boundary condition (3.41) becomes
v = V0 + ξ · ∇XV + ξ · L˜Ks · ξ + 12 + n (V −V0) ξ ·G˜−1 · ξ (3.45)
The microscopic equilibrium condition (3.33) remains valid where those stresses act, in their
role of Lagrange multipliers, as volume forces whose kinematic micro-macro relation could
not be converted to surface integrals.
2For the practically most relevant shapes of the volume element ∆V of a cube or sphere (square and circle
in 2D), the geometric moment G˜ is a spherical tensor.
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The kinematic boundary condition (3.45) satisfies the kinematic micro-macro relations (3.36)
and (3.40) for arbitrary V0. It has to verified in addition, that the generalized Hill-Mandel
condition (3.13) is not violated. For that purpose, the average power is written as〈
σ˜ : d˜〉V = 1∆V
∮
∂∆V
n · σ˜ · v dS − 〈v · (∇x · σ˜)〉V . (3.46)
Inserting the kinematic boundary condition (3.45) to the surface integral and the microscopic
equilibrium condition (3.33) to the volume average on the right-hand side yields
〈





ξ ⊗ n · σ˜ dS















Σ˜T − σ¯˜T) (3.47)
under condition
V0 = V = 〈v〉M . (3.48)
Obviously, the Hill-Mandel lemma (3.7) is satisfied by Eq. (3.47) together with the kinetic
micro-macro relations (3.10) and (3.11) for Σ˜ and M˜ , respectively, and Eq. (3.35) for the rateof microdeformation. Due to Eq. (3.48), the kinematic boundary condition finally reads
v = V + ξ · ∇XV + ξ · L˜K · ξ on ∂∆V (X) (3.49)
Therein, L˜Ks was replaced equivalently by L˜K as, due to double contraction with ξ, only thosepart enters which are symmetric with respect to its first and third indices (as the double stress
M˜).In the case that the material is hyperelastic and small deformations are considered, the
boundary-value problem at the microscale can be specified in variational form by the La-
grangian (3.26) together with the kinematic boundary condition (3.49). However, since the
boundary condition (3.49) already fulfills the kinematic constraints for ∇XV and L˜K , theLagrangian (3.26) can be reduced to




χ˜ − 〈u⊗ ξ〉M · (G˜M)−1
)
→ Min. (3.50)










needs to be distinguished from λV for the Euler-Lagrange equations of (3.50) to be consistent
with the microscopic equilibrium conditions (3.33). The difference between λ˜V and λ
V arises
from having inserted the kinematic micro-macro relation (3.34) for the velocity V to Eq. (3.39)
for eliminating the volume integral. Thus, λ˜V is in general non-zero and corresponds to the
spherical part of M˜ . For this reason, the kinematic micro-macro relation (3.34) needs to beenforced even when imposing the kinematic boundary condition (3.49).
Periodic boundary conditions
For extending the concept of periodic boundary conditions to the micromorphic theory, a
fluctuation field ∆v(ξ) is amended to the kinematic boundary condition (3.49)
v = V + ξ · ∇XV + ξ · L˜Ks · ξ + ∆v(ξ) on ∂∆V (X) (3.51)
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Assuming the fluctuations to be periodic according to Eq. (2.78) ensures that the classical
micro-macro relation (3.36) is satisfied. However, this periodicity does not satisfy per se rela-
tion (3.37) for the gradient of the microdeformation but additional requirements are necessary.
The search for adequate additional requirements leads to the question on the scope of periodic
boundary conditions. To the authors opinion, periodic boundary conditions shall ensure that
for a periodic microstructure, the response of a large sample with uniform far-field loading is
recovered by the homogenised theory. For the homogenised micromorphic theory, a uniform
far-field loading implies vanishing non-classical stresses and respective deformations. As these
terms do not appear in the scenario aimed at by periodic boundary conditions, no further
attempts are necessary to characterize the symmetry properties of the local fields in presence
of non-classical fields.
Lacking an explicit micro-macro relation for the second gradient, Kouznetsova et al. imposed
integral constraint (2.79) to the fluctuation field. This integral constraint forms an implicit
kinematic micro-macro relation as outlined in Section 2.2.2. In contrast, for the micromor-
phic theory, explicit micro-macro relations (3.34), (3.35) and (3.37) are available for velocity,
microdeformation and its gradient. For a comparison with the approach of Kouznetsova et



















Equation (3.52) is similar to proposal (2.79) of Kouznetsova et al. and for a rectangular
volume element ∂∆V (as actually envisaged by Kouznetsova et al.), both definitions coincide
in Eq. (2.80).
Anyway, for formulating a boundary-value problem with respect to the local displacements
and velocities, the fluctuation field ∆v(ξ) is favorably eliminated from the periodicity condi-
tion (2.78) by Eq. (3.51) yielding
v(ξ+)− v(ξ−) = (ξ+ − ξ−) · ∇XV + ξ+ · L˜Ks · ξ+ − ξ− · L˜Ks · ξ− on ∂∆V (X) . (3.53)
As mentioned already, Eq. (3.51) satisfies the classical micro-macro relation (3.36) ad hoc.
The remaining micro-macro relations (3.34), (3.35) and (3.37) are imposed in integral form.
For a hyperelastic material, the corresponding Lagrangian (2.51) thus needs to be extended
towards














nuξ dS ·G˜−1+ G˜−1 ·
∮
∂∆V













+ λV · (U− 〈u〉M)− s˜ :
(
χ˜ − 〈u⊗ ξ〉M · (G˜M)−1
)
(3.54)
which has to be minimized with respect to the functions u(ξ) and λ(ξ+) and with respect
to the Lagrange multipliers λ˜, λV and s˜ = Σ˜T − σ¯˜T. The stationarity condition to thisvariational problem are the local equilibrium condition (3.33) in the domain and










at the boundary with λ(ξ) to enforce Eq. (3.51). Thereby, the plus sign in the first term refers
to ξ ∈ ∂Ω+ and the minus to ξ ∈ ∂Ω−. Thus, the tractions resulting from λ(ξ) are anti-
periodic. However, Eq. (3.55) comprises additional contributions of double stress-type which
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are linear both in normal n and in relative location ξ. From these double stress loadings, there
are both periodic and anti-periodic contributions, compare Fig. 3.1a–Fig. 3.1c. This finding
complies with the requirement of Forest and Trinh [68] that the “anti-periodicity condition
must be abandoned in the presence of overall stress and strain gradients.”3
The work associated with Eqs. (3.33) and (3.55) is
〈






ξ+ − ξ−)⊗ λ dS














Σ˜T − σ¯˜T) (3.56)
The co-factors of ∇XV and L˜Ks coincide with the external stress Σ˜ and double stress M˜ com-puted from Eqs. (3.10) and (3.11). Together with the kinematic micro-macro relation (3.35)
for the last term in Eq. (3.56), the Hill-Mandel condition (3.7) is thus satisfied.
For a centro-symmetric problem ξ− = −ξ+, the double stress M˜ coincides with the La-grange multiplier λ˜ and Eq. (3.55) can be interpreted as superposition between classical, anti-periodic tractions , Eq. (2.52), and a linear term with double stress M˜ as in static boundaryconditions (3.22).
If the implicit description (2.49) of periodic boundary conditions from classical theory of
homogenisation were adapted instead of (3.53), the term with K˜ s would drop from the squarebracket in the first line of Eq. (3.54). Consequently, the term with λ would not appear in
the co-factor of L˜Ks. However, the stationarity condition for the boundary would still beEq. (3.55) (though with another value of λj) and consequently the value of M˜ computedby the kinetic micro-macro relation (3.11) would still comprise λ, so that the generalized
Hill-Mandel condition would be violated in general.
3.6. Special cases
3.6.1. Strain-gradient theory / Second gradient theory
Macroscopic theory
Mindlin [10] argued that a second gradient theory is obtained as special case of a micromorphic
theory if the rate of microdeformation is identified ad-hoc with the macroscopic velocity
gradient according to (2.33)
L˜χ := V ⊗∇X (3.57)
so that the approximation (2.107) of velocity field v(x) becomes
v˜ = V(X) +
(
V ⊗∇X
) · (x−X) . (3.58)
Under the kinematic constraint (3.57), the extrinsic stress Σ˜ drops out from the balancesof total and internal energy, so that Eq. (2.115) becomes
ρ
.
Φ = σ¯˜ : D˜ + M˜ ...L˜K −∇X ·Q (3.59)
with the macroscopic rates of deformation being
D˜ = 12 (∇XV + V ⊗∇X) L˜K = ∇XV ⊗∇X . (3.60)
3Actually, Forest and Trinh [68] criticized the works of Kouznetsova et al. and “the condition of anti-periodic
traction vector, tacitly used in these works”. However, requirement Eq. (2.79) imposed by Kouznetsova et
al. leads to boundary terms similar to Eq. (3.55) which is not inevitable anti-periodic.
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Consequently, Σ˜ can be eliminated from the balances of momenta by inserting (2.110) as








0 = ∇X ·
[






+ ρf − ρ .V . (3.62)
The balance of angular momentum σ¯˜T = σ¯˜ (eq. (2.111)) remains valid.
Micro-macro transition
With constraint (3.57), the Hill-Mandel lemma (3.13) becomes〈
σ˜ : d˜〉V =σ¯˜ : D˜ + M˜ ...L˜Ks . (3.63)
A comparison with the original form (3.13) shows that there are two opportunities to obtain
Eq. (3.63):
1. e˜ = 0 or
2. s˜= 0.
Opportunity 1) means that constraint (3.57) is enforced on the microscale by inserting the





n⊗ v dS = 〈v ⊗ ξ〉
M
· (G˜M)−1 (3.64)
Consequently, the difference stress s˜ = Σ˜T − σ¯˜ still appears in the microscopic equilibriumcondition (3.33) as Lagrange multiplier to enforce Eq. (3.64). Consequently, the kinetic micro-
macro relations (3.10) and (3.12) for internal and external stress Σ˜ and σ¯˜ remain valid.For opportunity 2, the kinematical constraint (3.64) is relaxed at the microscale. Thus, the
equilibrium condition (3.33) at the microscale retains only a constant term




















which enforces the kinematic micro-macro relation (3.34) for the pure translation. Conse-
quently, the kinetic micro-macro relations (3.10) and (3.12) with surface integral or volume
integral yield the same value σ¯˜. That is why, Eq. (3.10) for the external stress Σ˜ must beabandoned at the microscale but Σ˜ gets defined only by the macroscopic equilibrium condi-tion (2.20), comparable the the lateral forces in Euler beam theory or Kirchhoff-Love theory
of plates.
Comparison with theory of Gologanu, Kouznetsova et al.
For both opportunities, the kinematic micro-macro relation (3.37) for the second gradient
L˜Ks = L˜∇∇U remains valid as well as the corresponding kinetic relation (3.11) for the doublestress M˜ = M˜∇∇U . A comparison of the kinematically-relaxed approach 2 with the theoryof Gologanu, Kouznetsova et al. outlined in Section 2.2.2 exhibits two main differences:
Firstly, even for the kinematically relaxed case, a constant term appears in the microscopic
equilibrium condition (3.65) compared to ∇x · σ˜ = 0 in the theory of Gologanu, Kouznetsova
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et al. In Section 3.3, the contribution of the double stress M˜ to the volume term ∇x ·σ˜ was introduced to allow arbitrary values of M˜ in the static boundary condition (3.22).If this volume term was taken into account, the “spherical part” MijkG−1ik would need to
vanish as noted by Gologanu et al. [44]. When constructing the work-conjugate deformation
measure L˜Ks to M˜ by means of the Hill-Mandel lemma (3.7), this volume contribution of thespherical part is associated with the appearance of the macroscopic velocity, defined as volume
integral (3.34), in the kinematic micro-macro relation (3.37). The kinematic micro-macro
relation (2.81) of Kouznetsova et al. [45] does not feature such a term but is, for exactly this
reason, not objective as discussed in Section 2.2.2. The proposed modification (2.88) towards
an objective micro-macro relation (2.94) requires to impose the volume constraint (2.91) for
the macroscopic translations as well. The kinematic micro-macro relation (2.125) for K˜ byForest is objective but leads to volume terms as well in Eq. (2.133).
Secondly, the derived kinematic boundary condition (3.49) is almost identical to Eq. (2.76)
by Gologanu et al. [44] except a missing factor of 1/2 in front of the quadratic term. Vice
versa, the kinetic micro-macro relation (2.87) contains a factor of 1/2 which is not present in
definition (3.11) of the double stress M˜ . Both definitions are consistent in the sense that theysatisfy the respective generalized Hill-Mandel lemma. The different appearance of this factor
1/2 requires an explanation. In the theory of Gologanu, Kouznetsova et al., the factor 1/2
arises from the interpretation of the quadratic kinematic boundary condition Eqs. (2.65) and
(2.77), respectively, as a Taylor expansion. Subsequently, a Hill-Mandel condition (2.83) is
postulated. The macroscopic equilibrium conditions were derived by Gologanu et al. [44] and
Kouznetsova et al. [45] via the method of virtual power, i. e. actually they were postulated as
discussed in Section 2.1.4. In the present approach, the macroscopic equilibrium conditions
were derived by Eringen’s method of averaging the balance equations which lead, under an
approximation, to definition (3.11) without a factor 1/2. Currently, the author does not see
an advantage of disadvantage of one approach over the other which could justify a discrepancy
of 100%.
Linearly constrained theory
It is often argued that a second gradient theory is obtained by enforcing the microdeformation
and macrodeformation to be equal, Eq. (3.57). This is true without any doubt. However, this
is not the only opportunity to derive a second gradient theory from a micromorphic theory.
Rather, it suffices that microdeformation and macrodeformation are linearly linked4:
L˜χ := αV ⊗∇X . (3.66)





(1− α) Σ˜ + ασ¯˜] : ∇XV + αM˜ ...∇XV ⊗∇X −∇X ·Q . (3.67)
Thus, as work-conjugate quantity to the second gradient ∇XV ⊗∇X has to be identified the
quantity
M˜∇∇U = αM˜ = α∆V
∮
∂∆V
ξ ⊗ n · σ˜ ⊗ ξ dS . (3.68)
Furthermore, with Eq. (3.66) the kinematic boundary condition (3.49) reads
v = V + ξ · ∇XV + αξ · ∇XV ⊗∇X · ξ on ∂∆V (X) . (3.69)
4In general, α in Eq. (3.66) could even be a forth order tensor. For simplicity, only a scalar is considered
here.
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A comparison of Eqs. (3.68)–(3.69) with Eqs. (2.76) and (2.87) shows that the theory of
Gologanu, Kouznetsova et al. is recovered if the constraint factor is set to α = 1/2. The
finding that a second gradient theory is obtained for arbitrary values of α > 0 and with or
without relaxation of the constraint on the microscale implies the question on the optimal
choice of these parameters.
3.6.2. Micropolar theory (Cosserat theory)
Macroscopic theory
The continuum theory of the Cosserat brothers extends the Cauchy-Boltzmann theory towards
moment-type stresses together with independent rotational degrees of freedom, cf. [92]. In
the context of micromorphic theories, theories of this type are denoted as micropolar theories
and are obtained by assuming the rate of microdeformation L˜χ to be skew-symmetric. Thus,L˜χ can be written in terms of an axial vector of microrotation Ωχ as
L˜χ =−Ωχ · ˜ . (3.70)
Therein, ˜ is the permutation tensor. Consequently, the velocity approximation (2.107) reads
v˜ =V(X)−Ωχ(X) · ˜ · (x−X) = V(X) + Ωχ(X)× (x−X) . (3.71)
















[Ωχ · 〈ρ (I˜ξ · ξ − ξξ)〉V︸ ︷︷ ︸
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and allows to define the polar double stress M˜r, polar micro-inertia G˜ r and a volumetricmoment f r, in addition to quantities which were already defined. A comparison with Eq. (3.11)










ξ ⊗ n · σ˜ · ˜ · ξ dS = −M˜ : ˜ .
(3.73)
Equation (3.73) shows directly, that the sub-symmetry of the double stress due to defini-
tion (3.11) results in a vanishing trace
M˜r : I˜= −M˜ ...˜= 0 (3.74)
of the polar double stress M˜r.For obtaining the balance of internal energy, balance equations for ∇X ·Σ˜ and ∇X ·M˜r arenecessary to replace the first term on the right-hand side of Eq. (3.72) by local quantities.
Firstly, this is the macroscopic balance of linear momentum (2.108). Secondly, by means of
Eq. (3.73) and definitions in Eq. (3.72), the macroscopic balance of angular momentum (2.112)
can be written as
0 = ∇X ·M˜r + Σ˜ : ˜+ f r − .Ωχ ·G˜ r . (3.75)
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Finally, the balance of internal energy becomes
ρ
.
Φ = Σ˜ :
(








which implies the definitions of the rates of deformation D˜ r and L˜r which are work conjugateto the stresses Σ˜ and M˜r, respectively. Alternatively, the first term on the right-hand side ofEq. (3.76) may be split into symmetric and skew-symmetric parts
Σ˜ :
(
∇XV − ˜ ·Ωχ
)








˜ : ∇XV −Ωχ
)
. (3.77)
This shows that the symmetric part of Σ˜ is work-conjugate to the classical rate of deformationD˜ whereas its skew-symmetric part is work-conjugate to the difference between macroscopicand micro-scopic rotation.
Regarding the second term in Eq. (3.76) it has to be mentioned that the double stress M˜ris deviatoric, Eq. (3.74), which is why only the deviatoric part L˜rd = L˜r − 1nI˜I˜ : L˜r of L˜r ofthe gradient of the rotation contributes to the internal power with M˜r : L˜r = M˜r : L˜rd.
Micro-macro transition
Under the condition outlined in Section 3.1, the generalized Hill-Mandel lemma for the mi-
cropolar theory takes the form〈
σ˜ : d˜〉V =Σ˜ :
(
∇XV − ˜ ·Ωχ
)
+ M˜r : L˜rd . (3.78)
Regarding the transition from the general micromorphic theory to the special case of a mi-
cropolar theory, the question arises, how constraint (3.70) on the rate of microdeformation is
transferred to the microscale. The question is in particular how to deal with those quantities
which do not appear anymore in the micropolar theory, i. e. with the symmetric part of the
microdeformation and its gradient. In order to satisfy the Hill-Mandel lemma (3.78) there
are two opportunities: either the respective kinematic quantities are set to zero or their work-
conjugate stresses are relaxed. For a micropolar theory, it would surely not be reasonable
to constrain the symmetric part of the microdeformation to vanish. Rather, only the non-
vanishing part of Eq. (3.70) is enforced. Inserting the kinematic micro-macro relation (3.35),



















More difficult is the question how the double stress M˜ and the gradient of microdeformationL˜K are to be handled, both quantities which are defined over surface integrals in Eqs. (3.11)and (3.37) (up to the rigid translation which is, however, present anyway). In this context, the
question should be addressed how the presented theory for general micromorphic media needs
to be “disarmed” to the classical theory of homogenisation. This consideration leads to the
finding that it depends on the type of boundary conditions to be applied at the microscale:
if kinematic boundary conditions (3.49) are applied, the gradient of microdeformation L˜Kneeds to vanish in order to recover the classical theory in Eq. (2.45). In contrast, if static
boundary conditions (3.22) are applied, the double stress M˜ needs to be set to zero to recoverthe classical case in Eq. (2.43).
For constructing static boundary conditions for the micropolar theory, it has firstly be noted
that Eq. (3.73) cannot just be solved for M˜ . Rather, the kinematic relation (3.70) needs tobe incorporated. In the full micromorphic theory, the double stress M˜ is work-conjugate
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For LKsijk, the kinematic micro-macro relation (3.37) is available for the full micromorphic
theory which could be inserted to the left-hand side of Eq. (3.80). Such an equation contains
also vanishing components on its right-hand side. If only the non-vanishing components shall
be considered, then Eq. (3.80) is projected to the permutation tensor
L˜Ks : ˜= −32L˜rd . (3.81)
Now the kinematic micro-macro relation (3.37) can be inserted yielding the kinematic micro-















v n · ξ dS


















 kjp − 2
3(2 + n)
G−1ik 〈vj〉M kjp .
The boundary-value problem at the micro-scale can be obtained again via concept of mini-
mal loading conditions. Enforcing the kinematic micro-macro relations (3.79) and (3.37) in
addition to the classical ones leads to an equilibrium condition








































and the static boundary conditions on ∂∆V (X) read
n · σ˜ = n ·Σ˜ − 16
[
n ·M˜r · ˜ ·G˜−1 · ξ + ξ ·G˜−1 ·M˜r · ˜ · n− 22 + nn · ξ (G˜−1 ·M˜r) : ˜
]






















Of course, in Eq. (3.84), the prescribed polar double stress M˜r needs to be deviatoric M˜r :I˜= 0, in consistency with Eq. (3.74). Equations (3.83)–(3.84) satisfy the Hill-Mandel condi-tion (3.78). With static boundary conditions (3.84), only those parts of the general double
stress tensor M˜ are non-zero which are associated with its micro-polar counter-part M˜r,Eq. (3.73).
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In contrast, kinematic boundary conditions are found by inserting Eq. (3.70) to the kine-
matic boundary condition (3.49) of the general micromorphic theory
v = V + ξ · ∇XV +
(
ξ · L˜r)× ξ on ∂∆V . (3.85)
so that only those parts of the gradient L˜Ks of the rate of microdeformation are non-zero whichare associated with the micro-polar curvature L˜r. Note, that the spherical part of L˜r doesnot contribute to (3.85), in consistency with Eq. (3.74).
The non-classical deformation modes of the micropolar theory are sketched in Fig. 3.3










Fig. 3.3.: Non-classical micropolar deformation modes of the volume element ∆V : (a) kinematic boundary
condition (3.85) with L˜r = b1b3, (b) static boundary condition (3.84) with M˜r = b1b3, (c) kinematicboundary condition (3.85) with L˜r = b1b1, (d) static boundary condition (3.84) Σ˜ = b1b2 − b2b1
components of L˜r and M˜r induce bending-type deformation modes of the volume element.Figures 3.3c illustrates the effect of a diagonal component of L˜r which twists the oppositesurfaces of the volume element against each other. The antimetric part of Σ˜ drives an internaltwisting of the volume element as can be seen in Fig. 3.3d.
Periodic boundary conditions can be implemented as discussed in Section 3.5 for the general
micromorphic theory by amending a periodic fluctuation field ∆v(ξ) to the right-hand side
of Eq. (3.85) under global enforcement of the kinematic micro-macro relations (3.34), (3.79)
and (3.82), respectively.
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Plane case
If a body is considered which deforms only in the x1-x2-plane, the vector of micro-rotation is
directed in x3 direction Ωχ = Ωχ b3. Consequently, the remaining components of the rate of
curvature L˜r and polar double stress can be collected in vectors
Lr = L˜r · b3 , Mr = M˜r · b3 . (3.86)
On the microscale, these vectors drive the bending type deformation types, Figs. 3.3a and
3.3b.
In terms of these planar vectors, Eqs. (3.83)–(3.85) become













Σ˜T −Σ˜) · (G˜M)−1 · ξ − 16˜ ·G˜−1 ·Mr − λV
]
, (3.87)
n · σ˜ = n ·Σ˜ − 16˜ ·
[
G˜−1 · ξ n ·Mr + n ξ ·G˜−1 ·Mr − 12G˜−1 ·Mr n · ξ
]
on ∂∆V , (3.88)
v = V + ξ · ∇XV + ˜ · ξ Lr · ξ on ∂∆V . (3.89)
Therein, the symbol ˜= ˜ ·b3 was introduced for the projection of the permutation tensor tothe x3-direction.
Constrained micropolar theory (Couple Stress theory)
The couple stress theory is a micropolar theory with linear constraint between micro-rotation




˜ : (∇XV) (3.90)
Consequently, the rate of torsion-curvature becomes
L˜r = L˜rd = ∇XΩχ = 12∇X∇XV : ˜ (3.91)
The Hill-Mandel condition (3.78) thus reads〈
σ˜ : .ε˜〉V =Σ˜ : 12 [∇XV + V ⊗∇X]+ M˜r : L˜r . (3.92)
Obviously, only the symmetric parts of Σ˜ and ∇XV contribute to the work. Again, a mi-croscopic counterpart to the constraint (3.90) can be constructed by means of kinematic
micro-macro relations (3.36) and(3.79) of the general micropolar theory. If this constraint is
enforced at the microscale, the microscopic equilibrium condition (3.83) and definition (3.10)
of the external stress Σ˜ remain valid. Otherwise, Σ˜ drops from Eq. (3.83) and the skew-symmetric part of Σ˜ is defined only at the macroscale by the global balance of angularmomentum (3.75). The static boundary condition (3.84) remains valid and with Eq. (3.90),
the kinematic boundary condition (3.85) can be written as
v = V + ξ · ∇XV +
1
2
ξ · (∇X∇XV −∇XV ⊗∇X) · ξ on ∂∆V . (3.93)
It is identical with the boundary condition given by Forest [36] for the plane case. Bouyge
et al. [37] employed a slightly different quadratic term for the kinematic boundary conditions
and also the linear term in their static boundary conditions differs from Eq. (3.88). Both
types of boundary conditions were adapted from the problem of bending of a beam. Bouyge
et al. did neither provide micro-macro relations for the double stress M˜r nor for the curvature
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L˜r. Branke et al. [70] have an additional prefactor 2/3 in front of the quadratic term. Theyemployed the polynomial approach, Section 2.2.4. They faced the problem, that the coeffi-
cients of the quadratic term are not uniquely defined by the respective kinematic micro-macro




In a microstrain theory [11], the tensor of microdeformation is assumed to be symmetric
L˜χ = L˜χT =: L˜χs . (3.94)






ρ (V ·V).+ 1
2
G˜ ρ : (L˜χs · L˜χs).
= ∇X ·
(
Σ˜ ·V + M˜s : L˜χs
)
−∇X ·Q + ρf ·V + ρm˜ s : L˜χs
(3.95)












ξinm (σmjξk + σmkξj) dS (3.96)





kji −M sjik . (3.97)
The required expression for ∇X ·M˜s is obtained as the right-subsymmetric part of the higher-order balance (2.110) as
0 = ∇X ·M˜s + Σ˜ − σ¯˜ + ρm˜ s − 12
( .
L˜χs ·G˜ ρ + G˜ ρ · .L˜χs
)
. (3.98)
Therein, it was used that the internal stress σ¯˜ is symmetric, Eq. (2.111), and that the balanceof angular momentum of a microstrain continuum reduces to the classical relation
Σ˜T = Σ˜ . (3.99)
Consequently, the balance of internal energy reads
ρ
.
Φ = Σ˜ : D˜ + (σ¯˜ −Σ˜) : L˜χs + M˜s...∇XL˜χs −∇X ·Q
= σ¯˜ : D˜ + (Σ˜ − σ¯˜) : (D˜ − L˜χs)+ M˜s...∇XL˜χs −∇X ·Q .
(3.100)
In the microstrain theory, the rate of microdeformation L˜χs is objective itself, in contrast to thegeneral micromorphic theory. Thus, two equivalent sets of possible work conjugate measures
of stress and deformation can be identified for the microstrain theory: σ¯˜ and s˜ = Σ˜ − σ¯˜conjugate to D˜ and L˜es := D˜ −L˜χs, respectively (as in Mindlin’s theory, Section 2.1.3), or Σ˜and s˜ := −s˜ conjugate to D˜ and L˜χs, in both cases accompanied by M˜s conjugate to ∇XL˜χs.
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Micro-macro transition
For the microstrain theory, the generalized Hill-Mandel lemma (3.7) thus reads〈
σ˜ : d˜〉V =Σ˜ : D˜ + (σ¯˜ −Σ˜) : L˜χs + M˜s...∇XL˜χs . (3.101)
According to Eq. (3.94), the kinematic micro-macro relation for the rate of microstrain is the
symmetric part of the respective relation (3.35) of the general micromorphic theory:




· (G˜M)−1 + (G˜M)−1 · 〈ξ ⊗ v〉M
)
. (3.102)
Furthermore, the symmetric part of the gradient of the rate of microdeformation L˜Ks has thevalue
L˜Ks = 12 (∇XL˜χs + L˜χs ⊗∇X) . (3.103)





ikj − LKsjik . (3.104)
Now the kinematic micro-macro relation (3.37) can be inserted to the right-hand side of





























〈vj〉MG−1ik + 〈vk〉MG−1ij − 〈vi〉MG−1jk
)
(3.105)
By Eq. (3.97), the local equilibrium condition (3.33) and the static boundary condition (3.22)
become










Σ˜ − σ¯˜) · (G˜M)−1 · ξ + 12 + n
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2≈IT : M˜s −M˜s
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n · σ˜ =n ·Σ˜ + 12
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2 (2 + n)
n · ξ
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2≈IT : M˜s −M˜s
)















2M skjm −M sjkm
)
G−1km
The respective kinematic boundary condition (3.49) becomes with Eq. (3.104)
v = V + ξ · ∇XV + ξ · (∇XL˜χs) · ξ on ∂∆V (X) . (3.108)
Due to the unique relations (3.97) and (3.104) between the micromorphic double stress M˜ andthe microstrain double stress M˜s as well as its work-conjugate quantities, the boundary-valueproblems at the micro-scale for the micromorphic theory and the microstrain theory are almost
identical. The only difference is that the difference stress Σ˜ − σ¯˜ in (3.106) of the microstraintheory is symmetric whereas it is not per se symmetric in Eq. (3.33) of the micromorphic
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theory. On the macroscale, the weighted balance (2.110) of the micromorphic theory provides
nine independent equations whereas the corresponding Eq. (3.98) of the microstrain theory
has six independent components (in 3D).
Due to the unique relation of the non-classical loading at the microscale, the respective
deformation modes shall not be repeated here. By Eq. (3.97), Figs. 3.1a, 3.1b and 3.1c
corresponds to M˜s = b1b1b1, M˜s = b1b1b1 − 1/2b1(b2b1 + b1b2) and M˜s = b11/2(b1b2 +b2b1) + b2b1b1, respectively.
3.6.4. Microdilatational theory
Macroscopic theory
The microstrain theory contains the special case of the microdilatational theory, where the
rate of microdeformation is identified as a spherical tensor
L˜χ = 1n .χvI˜ (3.109)
with the rate of microdilatation .χv(X) as amplitude.








































Therein, the dilatational microinertia Ir, volume forces fh and the dilatational double stress
Mv are defined. The latter corresponds to the right spherical part of the general micromorphic








ξ ⊗ n · σ˜ · ξ dS = 1nM˜ : I˜ (3.111)
Consequently, the weighted balance for the microdilatational theory is obtained as right spher-
ical part of the general micromorphic balance (2.110) as
0 = ∇X ·Mv + sh + ρfh − ρIr ..χv . (3.112)
The macroscopic balance of angular momentum remains that the external stress Σ˜ is sym-metric, Eq. (3.99).





Σ˜ − σ¯˜] : I˜= 1ns˜ : I˜ . (3.113)
Consequently, the balance of internal energy is obtained from (3.110) as
ρ
.
Φ = σ¯˜ : D˜ + sh(D˜ : I˜− .χv) + Mv · LKv −∇X ·Q
= Σ˜ : D˜ + s˜h .χv + Mv · LKv −∇X ·Q (3.114)
whereby LKv = ∇X .χv refers to the gradient of the rate of microdilatation. Furthermore,
s˜h = −sh was introduced as work-conjugate quantity to the microdilatation as discussed in
Section 3.6.3. For the microdilatational theory, it seems more convenient to work with Σ˜ ands˜h since the external stress appears in the balance of linear momentum and .χv is objective.
Otherwise, the external stress has to be replaced by Σ˜ = σ¯˜ + shI˜.
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Micro-macro transition
For a microdilatational theory, the generalized Hill-Mandel lemma (3.7) thus takes the form〈
σ˜ : d˜〉V =Σ˜ : D˜ + s˜h .χv + Mv · LKv . (3.115)
According to Eq. (3.109), the rate of microdilatation .χv corresponds to the trace of the rate of
microdeformation. By the kinematic micro-macro relation (3.35) of the general micromorphic
theory, .χv can be related to the microscopic velocity field v(x) by
.
χv =L˜χ : I˜= 〈v ⊗ ξ〉M : (G˜M)−1 . (3.116)
The gradient of the rate of microdilatation LKv is computed as spherical part of the gradient


































2G−1ik 〈vk〉M − 〈vi〉MG−1kk
)
Enforcing the microdilatational kinematic micro-macro relations (3.116) and (3.117) in addi-
tion to the classical ones implies a local equilibrium condition













2Mv ·G˜−1 −MvG˜−1 : I˜)− s˜hξ ·G˜M−1 − λV
]
, (3.118)
and static boundary conditions
σ˜ · n = Σ˜ · n + 12n ·
[
Mv ξ ·G˜−1 + I˜ξ ·G˜−1 ·Mv




Conditions of total equilibrium of ∆V require Σ˜ to be symmetric and λV = 0 so that theHill-Mandel condition (3.115) is satisfied.
Alternatively to (3.119), kinematic boundary conditions can be described. They are found
by inserting Eq. (3.109) to Eq. (3.108) as
v = V + ξ · ∇XV +
1
n
ξLKv · ξ on ∂∆V (X) . (3.120)
The respective non-classical deformation modes are sketched in Fig. 3.4. Figures 3.4a and
3.4b show the effect of a gradient of microdeformation LKv and of its work-conjugate double
stress Mv, respectively. In Fig. 3.4c it can be seen that the microdilatational difference stress
s˜h drives a distributed dilatation.
5Equation (3.117) differs slightly from an expression which was given by the author previously in [3]. The
previous expression was specified without the intermediate step over the microstrain theory. However,
without this step, the mapping from the fully micromorphic L˜Ks to LKv is not unique.










Fig. 3.4.: Non-classical microdilatational deformation modes of the volume element ∆V : (a) essential bound-
ary condition (3.120) with LKv = b1, (b) static boundary condition (3.119) with M
v = b1, (c)




The developed homogenisation procedure shall be demonstrated for the one-dimensional case
with periodic microstructure as shown in Fig. 4.1. In particular, for a volume element ∆V =
{ξ ∈ [−L/2, L/2]} of length L, the geometric moment is computed as G = L2/12 so that




(Σ− σ¯)ξ + 4
L2
M for ξ ∈ [−L/2, L/2] (4.1)
For the 1D case, equilibrium condition (4.1) allows to determine the microscopic stress field
σ(ξ) directly up to a constant of integration. Either static boundary conditions (3.22)
σ(±L/2) = Σ± 2
L
M (4.2)








K + U (4.3)
complete the boundary value problem at the microscale. In the former case, the constant
of integration is computed from (4.2) whereas for kinematic boundary conditions (4.3), the
constant can be determined from definition (3.9) Σ = [σ˜(L/2) + σ˜(−L/2)]/2. For both typesof boundary conditions, the relation (3.11) for the dilatational double stress M is fulfilled
identically and the microscopic stress field becomes













Let us now consider the macroscopic problem sketched in Fig. 4.1a of a volume loading f















(b) Microscopic volume element
Fig. 4.1.: Homogenisation for uniaxial two-phase laminate
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In the special case f = 0, i. e. uniform macroscopic deformations, it is obvious that, if only
trivial natural boundary conditions for the higher order terms are specified, the macroscopic
stresses M = 0 and Σ− σ¯ = 0 fulfill the higher order balance of momentum (4.6) identically.
What remains is (4.5) together with the boundary value problem (4.1) at the microscale
σ′(ξ) = 0, σ(±L/2) = Σ. This corresponds to the classical homogenisation (which is in the 1D
case furthermore the exact solution of the problem with resolved microstructure everywhere)
whatever the material law σ(ε) is at the microscale and which volume element is chosen (The
situation changes when dynamic effect are considered since then non-vanishing double stresses
M and a difference Σ− σ¯ are in this case necessary in general to compensate the higher order
inertia which will lead, realistically, to dispersion of waves, cf. [10]).
Elastic behavior For non-vanishing f 6= 0, the higher order balance of momentum (4.6) is
statically indeterminate so that the solution depends on the particular micromorphic constitu-
tive law. The latter shall be derived for linear-elastic behavior σ = E(m)u′ of all constituents
whereby E(m) denotes Young’s modulus. By use of the stress field (4.4), the microscopic
material law can be solved for u′(ξ). Inserting it to the definitions (3.24) of the macro-
scopic deformation measures yields for (a centro-symmetric unit cell E(m)(−ξ) = E(m)(ξ))










































































The simplest case which contains gradient effects is a constant volumetric loading ρf =
const. In this case, the macroscopic volume loads become ρf = ρf and m = 0 according
to (2.111) and (2.110). Thus, for the constitutive law (4.7) a particular solution of the
macroscopic boundary value problem is M˜ = const and Σ = σ¯ together with the staticallydetermined and classical solution of (4.5). Consequently, the microscopic stress field (4.4)
depends linearly on the location as in the exact solution with discretely resolved microstructure
everywhere, a prediction which lies beyond the possibilities of classical homogenisation. If
macroscopic boundary conditions with respect to M or χ are specified which do not coincide
with this particular solution, then additional exponentially decaying terms of M˜ and σ¯ − Σoccur at the macroscopic boundaries. According to (4.7)1, such terms have an effect on the
macroscopic displacements U(X), i. e. on the macroscopic stiffness. This is reasonable as
for non-homogeneous loading ρf the distribution of the microscopic stiffness has indeed an
effect on the macroscopic stiffness. Of course, this effect becomes negligible as the ratio of
macroscopic length and intrinsic length L increases.
As a second case, one might consider a constant force per mass f = const (e. g. gravity)
which acts on a material with inhomogeneous but periodic distribution of mass density ρ at
the microscale. Such a loading will again induce a constant volumetric force at the macroscale
ρf = const. But additionally, the volumetric moment will be present m 6= 0. According to the
macroscopic balance (4.6), such loading will induce again a constant double stress M = const
(under suitable boundary conditions) and additionally a stress difference Σ − σ¯ = −ρm.
Equation (4.4) shows that the local stresses at the microscale will thus be redistributed and
higher stress gradients appear in parts with a higher local mass density ρ as it is the case for
the exact solution of the non-homogenized problem.
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For further discussion, the macroscopic constitutive law (4.7) shall be provided for homo-














Second gradient theory For the transition of the micromorphic theory towards a second
gradient theory, several opportunities were discussed in Section 3.6.1. The effects of the
different opportunities shall be illustrated by the simple, uniaxial case. The strictest assump-
tion is to impose the constraint χ = dU/dX at the macroscale and the respective counterpart
〈uξ〉V /G = 〈u′〉V at the microscale. In this case, the microscopic boundary value problem
(4.1)–(4.3) remains the same as in the unconstrained micromorphic theory. On the macrolevel,
the higher order deformation measure in (4.7)3 is identified as K = d2U/dX2 and the external
stress Σ can be eliminated from the macroscopic balances. Thus, in the case of homogeneous


















If the constraint between microdeformation and macrodeformation is relaxed at the mi-
croscale, the difference stress Σ− σ¯ drops from the local equilibrium condition (4.1) and the





Therein, the constraint factor α was incorporated defined through the macroscopic constraint










, σ¯ = E(m)
dU
dX






For α = 1, Eq. (4.9) is recovered. However, also α = 1/2 was used in literature, see Sec-
tion 3.6.1. Note, that the square of α enters in the constitutive law (4.11)3.
In the theory of Gologanu, Kouznetsova et al., the volumetric micro-macro relation for
the displacements is not enforced, compare Sections 2.2.2 and 3.6.1. Consequently, also the
constant term on the right-hand side of Eq. (4.10) drops and the double stress vanishes
M∇∇U = 0 in the uniaxial case. This result is related to the fact that the quadratic term
with K in the kinematic boundary condition (4.3) reflects a pure rigid translation as was
discussed already by Gologanu et al. [44].
4.2. Upper bound estimates by Ritz’ method
For an elastic material, the boundary-value problem at the microscale can be specified as a
variational problem (3.26). Approximate solutions u˜(ξ) can be constructed by Ritz’ method
which provide upper bounds for the macroscopic strain energy W . If kinematic boundary
conditions (3.49) are specified, they have to be satisfied a priori by u˜(ξ). Finding such an
ansatz for the quadratic terms is not trivial. For the Voigt approach to classical homogenisa-
tion, the linear polynomial of the boundary condition is extended to the complete domain. In
the same way, one could take the quadratic polynomial from the boundary conditions (3.49)
as ansatz for u˜(ξ). However, the microdeformation and the difference stress are defined via
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volume terms which is why such a quadratic polynomial is insufficient for an unconstrained
micromorphic theory. For this reason, the cubic ansatz
u˜(ξ) = A + B˜ · ξ + C˜ : ξξ + ≈D...ξξξ (4.12)
is necessary as often used in the context of micromorphic continua, compare Section 2.2.4.
However, it is not trivial to satisfy the kinematic boundary conditions (3.49) ad hoc by
Eq. (4.12). This problem does not appear if static boundary conditions (3.22) are prescribed.
In this case, Ritz’s method yields a conventional optimization problem

















A,B˜ ,C˜ ,≈D−−−−−−→ Min. (4.13)
for the coefficients of the polynomial (4.12). Of course, out of these coefficients only those are
uniquely defined which contribute to Eq. (4.13). So, A and the skew-symmetric part of B˜represent rigid body motions and are not uniquely determined under purely static boundary
conditions. From the quadratic and cubic coefficients C˜ and ≈D, respectively, only the rightsub-symmetric parts contribute to the polynomial (4.12).















































































Therein, a central symmetry was assumed so that third moments vanish and GMmnqp =
〈ξmξnξqξp〉M refers to the forth geometric moment. Furthermore, Dk((lmn)) denotes the part
of Dklmn which is completely symmetric with respect to the indices l, m and n. As mentioned
already, only this subsymmetric part of Dklmn contributes to the displacement field u˜(ξ).
Inserting the polynomial ansatz (4.12) to the kinematic micro-macro relations (3.34)–(3.37)
yields:






Ksijk =Cj(ik) − CjmpGMmpG−1ik (4.19)
Equation (4.19) shows that the quadratic coefficients C˜ are directly related to the symmetricgradient of microdeformation K˜ s. Furthermore, Eqs. (4.18) and (4.19) contain a rigid rotationwithin the skew-symmetric part of Bij . Objective deformation measures are (Section 2.1.3)







eij = Ui,j − χij = 3Di((jkl))Gkl −DiklmGMklmnGM−1nj (4.21)
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respectively. Equation (4.21) shows that the cubic coefficients Di((jkl)) are directly related to
the relative deformation Di((jkl)). However, the tensor ≈D has more independent components
than e˜, compare e. g. [93, 94].The linear system of equations (4.14)–(4.16) can be solved for all relevant components of
B˜ , C˜ and ≈D as functions of the stresses Σ˜ , s˜ and M˜ . The macroscopic constitutive relationsare obtained (in compliance form) by inserting these coefficients to Eqs. (4.19)–(4.21).
Equation (4.15) for the quadratic coefficients C˜ can be solved as follows: By means ofa cyclic permutation with respect to i, j and m, Eq. (4.15) is solved for SijklCk(lq)GMqm.
The resulting equation can be multiplied with the inverses of Sijkl and GMqm which yields
an equation for the symmetric part Ck(lq) + Cl(kq) with respect to k and l. A further cyclic




































in compliance form. The respective stiffness form can be obtained as follows: Firstly, Eq. (4.15)
is multiplied by G−1im . The resulting equation can be solved for MijmG
−1
im . Reinserting the
result into Eq. (4.15) allows to express the double stress Mijm solely in terms of the cubic
coefficients Ck(lq). The latter can be obtained by solving (4.19) in the same way for Ck(lq).
Finally, the macroscopic constitutive law for the double stress for arbitrary geometries and




































In the remaining equations, the linear coefficients Bkl can be eliminated by inserting Eq. (4.14)
into Eq. (4.16)
0 =− ΣijGmn − ΣmjGin − ΣnjGmi + sjkGM−1kp GMpimn


















− 3 〈HV (ξ)〉V (SijklGMmn + SmjklGMin + SnjklGMim)Dk((lpq))GMpq (4.24)
resulting in an equation for the cubic coefficients Djimn as functions of the stresses Σ˜ and s˜.Equation (4.24) shows already that for a compact material G˜M = G˜ , the external macroscopicstress Σ˜ drops out and ≈D and thus the relative deformation e˜ depend only on the differencestress s˜.However, the author could not find a general solution for Eq. (4.24) which would be neces-
sary in Eqs. (4.20)–(4.21) for extracting the macroscopic constitutive relations between E˜ , e˜and Σ˜ and s˜, respectively. For this reason we continua with a particular case.
4.3. Isotropic porous material
A spherical pore of radius Rvoid in a spherical volume element ∆V of radius R is considered,
see Fig. 4.2. It may be interpreted as the approximation to the polyhedral cells around








Fig. 4.2.: Unit cell of a porous material
spherical pores as obtained e. g. by Voronoi tesselation. A spherical volume element has the
advantage that it has an isotropic geometry. If the matrix material behaves isotropically
as well, elastically or inelastically, the macroscopic behavior will thus be isotropic, too. In
addition to the three-dimensional case of a sphere, the corresponding plane case of a circle
shall be covered, too. In a unified sense, a circle corresponds to sphere of dimension n = 2
and will be covered by the term “sphere” in the following. In this sense, the porosity of the
spherical volume element with pore amounts to f = (Rvoid/R)n.






rn−1 〈(◦)〉S(r) dr (4.25)
wherein 〈(◦)〉S(r) denotes the arithmetic average over a spherical surface of radius r = |ξ|.
The expression for the average 〈(◦)〉M over the matrix material corresponds to Eq. (4.25)
with the lower limit of the integral replaced by Rvoid and the Rn in the prefactor replaced by























2≈IS + I˜I˜) , (4.26)
respectively.
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Sjnmlδik + Sijmlδkn + Skjmlδin
 . (4.27)











In Eqs. (4.14) and (4.20), only this (right) trace Di((jkk)) of the cubic coefficients appears.
Elimination of this trace and of the linear coefficients B(ij) from Eqs. (4.14), (4.20) and (4.28)
yields the constitutive relation







for the internal stress σ¯ij = Σij − sji. As expected, the σ¯ij is symmetric and depends only
on the symmetric part of the relative deformation ekl. Furthermore, note that the coupling
between σ¯ij and ekl vanishes for homogeneous, compact material f = 0.






































SijklDk((lmn)) + SnjklDk((ilm)) + SmjklDk((iln))
)
=: Rjimn . (4.30)
Finally, this equation does not need to be solved for all components of ≈D. Rather, a macro-
scopic constitutive law e˜ as function of σ¯˜ and s˜ shall be extracted. That is why, Eq. (4.28)was used, where possible, to replace the right spherical part of ≈D by e˜. However, in the lastsquare bracket of Eq. (4.30) there are terms which cannot be replaced immediately. Note that
the symbol Rjimn was assigned to the right-hand side of Eq. (4.30).
For obtaining an expression for e˜ it is worth to have a look on the left and right sphericalparts Rjimm and Rmmij . It turns out that within both parts, almost all appearances of ≈D can
be replaced by e˜ for isotropic matrix material Sijkl = µ(δikδjl + δilδjk) +λδijδkl, except termsDk((kij)). These terms can be eliminated by computing 2(µ+λ)Rmmij−(4µ+λ(2+n))Rjimm
resulting in an equation which contains solely e˜, σ¯˜ and s˜. A split into the spherical, skew-
68 4. Elastic Behaviour








































































Finally, the constitutive equation (4.29) needs to be used to eliminate the internal stress σ¯˜from Eqs. (4.32) and (4.33). This yields the constitutive relations for the symmetric parts of















































As expected from the existence of a strain energy as potential, the coefficients of the coupled
term between s˜ and E˜ are identical to those between σ¯˜ and e˜ in Eq. (4.29).Furthermore, it shall be mentioned that the coefficients of the classical strain E˜ in Eqs. (4.34)–(4.35) do not correspond to the effective macroscopic moduli. Rather, the micromorphic bal-
ance, Eq. (2.31) or Eq. (2.110), respectively, requires that the difference stress s˜ vanishes formacroscopically uniform states of loading. Thus, in such a uniform state the relative rotation
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vanishes, Eq. (4.31), and Eqs. (4.34) and (4.35) imply linear relations between E˜ and therelative deformation e˜. These relations can be reinserted to Eq. (4.14)










































and allow to extract the effective macroscopic values K(eff) and µ(eff) of bulk modulus and
shear modulus, respectively.
Verification The quality of these Ritz estimates of K(eff) and µ(eff) can be verified by certain
exact solution to the boundary value problem. Firstly, the effective bulk modulus relates
hydrostatic stress Σh and volumetric strain E˜ : I˜. For pure loading by a hydrostatic stressΣ˜ = ΣhI˜ of the spherical or circular volume element, Fig. 4.2, the problem becomes spherosym-metric or axisymmetric, respectively, and can be solved exactly by elementary methods. The
details will be given below in Section 4.5 in the context of the microdilatational theory. Fur-
thermore, the effective shear modulus µ(eff) can be determined exactly for the plane case
n = 2. In this case, the stress state at the microscale can be characterized by an Airy stress
function F (ξ). For symmetry reasons, the Airy function has to have the structure
F = g(r)Σ˜ d : ξξ . (4.38)
corresponding to a stress field
































Σ˜ d : ξξ (4.40)
provides an ODE for the open radial function g(r). This homogeneous ODE has the well-








+ C4 . (4.41)
The static boundary condition (2.43) and a traction free void surface imply
g(R) =− 1
2
, g′(R) =0, g(Rvoid) =0, g′(Rvoid) =0, (4.42)
respectively, and determine the coefficients C1 to C4. The strain field to Eq. (4.78) is computed
as ε˜= (σ˜−νσ˜ : I˜I˜)/(2µ). The corresponding displacement field could be constructed by meansof the Cesaro integrals [96]. Subsequently, the macroscopic strain E˜ could be calculated from





































































(d) n = 2
Fig. 4.3.: Comparison of effective moduli (ν = 0.3)
the kinematic micro-macro relation (2.41). Instead of this lengthy procedure, E˜ shall becomputed here via Castigliano’s method as E˜ = ∂W/∂Σ˜ . For this purpose, the macroscopiccomplementary strain energy needs to be computed which is equal the strain energy W =
1/2
〈




1 + f + 7f2 + 3f3 − 4νf(1 + f + f2)
(1− f)3 Σ˜ d : Σ˜ d (4.43)
is obtained1. The effective shear modulus µ(eff) corresponds to four times the inverse of
the cofactor of Σ˜ d : Σ˜ d in Eq. (4.43). Analogously, µ(eff) can be found for kinematic andperiodic boundary conditions as shown in detail in Appendix A.1. Remarkably, kinematic and
periodic boundary conditions yield identical values of µ(eff) for the circular volume element
with concentric void under consideration.
Figure 4.3 compares the mentioned exact solutions for K(eff) and µ(eff) with the Ritz es-
timates (4.36)–(4.37). Furthermore, the figures incorporate estimates by the Mori-Tanaka
method (“MT”) and by the Self-consistent method (“SC”) [97], respectively. Firstly, the com-
parison shows that the Ritz method with cubic ansatz provides indeed upper bounds to all
considered exact solutions. The exact solutions for the bulk moduli coincide with the Mori-
Tanaka estimates, Figs. 4.3a and 4.3a. Figure 4.3c shows that the predicted values of the
effective shear modulus µ(eff) for Ritz method and Mori-Tanaka method compare quite well
for spherical voids n = 3. In contrast, Fig. 4.3d indicates even a qualitative disagreement for
1The commitment of the undergraduate student Vincent von Oertzen for the detailed elaboration of
Eqs. (4.39)–(4.43) is gratefully acknowledged.
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the plane case n = 2. The present model of a circular volume element with static boundary
conditions predicts a perculation behavior, both for exact solution and Ritz estimate: beyond
f & 0.6, the effective shear modulus µ(eff) vanishes virtually. In contrast, the Mori-Tanaka
method predicts a steady decrease of µ(eff) until f = 1. However, perculation is predicted by
the Self-consistency method, though at a lower value of the porosity f . Percolation behavior
is known to appear in systems with stochastic arrangement of pores [98, 99]. However, for
regular arrangements as the one under consideration, periodic boundary conditions are known
to provide the best results. Figure 4.3d shows that the exact solution for periodic boundary
conditions does not exhibit percolation but lies close to the Mori-Tanaka estimate.
4.4. Micropolar theory
The micropolar and microdilatational theories are special cases of the micromorphic theory,
compare Sections 3.6.2 and 3.6.4. Consequently, the preceding results for the elastic micromor-
phic properties of an isotropic porous medium include the micropolar and microdilatational
properties.
For the micropolar theory, the micromorphic static boundary condition (3.22) is replaced










The polar double stress M˜r constitutes some components of M˜ whereas certain “non-polar”components of Mijk vanish under static boundary conditions. However, this does not in-
evitably mean that the respective components in the symmetric gradient of microdeformation
Ksijk need to vanish as well. Rather, Eq. (4.44) has to be inserted to the compliance form
constitutive equation (4.22). Subsequently, in a micropolar theory those components out of all
micromorphic components of Ksijk have to be selected which are transferred to the macroscale.
According to Eq. (3.81), this yields a constitutive relation between the gradient of rotation























for spherical pores n = 3 or
Kr =
17− 16ν − f(6− f)
18(1− f2)µR2 M
r (4.46)
for the plane (strain) case n = 2, respectively.
In addition, for the transition of the micromorphic theory to a micropolar one, the difference
stress involves only the skew-symmetric part of the external stress sij = 1/2(Σji−Σij). Con-
sequently, Eq. (4.31) for the skew-symmetric part of the relative deformation and Eqs. (4.36)
and (4.37) for the effective bulk modulus and shear modulus, respectively, are relevant for the
micropolar theory.
In the theory of linear elasticity of micropolar continua, an isotropic constitutive relation
Σ˜ =λ(eff)E˜ r : I˜I˜+ (µr + κr)E˜ r + µr(E˜ r)T (4.47)
M˜r =αrK˜ r : I˜I˜+ βr(K˜ r)T + γrK˜ r (4.48)
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is specified typically [e. g. 17, 100] in terms of the six Lamé-type constants λ(eff), µr, κr, αr,
βr, γr under definition of the the micropolar strain
E˜ r = ∇XU− ˜ ·Φr , (4.49)
compare Eq. (3.76). Therein, the Lamé parameters µr and λ are known from the classical
theory of elasticity. However, note that µr does not correspond to the shear modulus. Rather,
the effective modulus as ratio between shear stress and shearing amounts to µ(eff) = µr +κr/2
and involves additionally the so-called coupling modulus κr associated with skew-symmetric
parts. These parameters can be identified by comparing Eqs. (4.47)–(4.48) with the results










Subsequently, the Lame constants are obtained from the macroscopic bulk and shear moduli
K(eff) and µ(eff), respectively, from Eqs. (4.36) and (4.37) as
µr =µ(eff) − κ
r
2




The coefficients αr, βr, γr, which are related to the polar double stress M˜r in Eq. (4.48),apply to the three-dimensional case n = 3 only. In the plane case n = 2, a single parameter
γr is sufficient for isotropic material, compare Eq. (4.46). For n = 3, Eq. (4.45) can be split
into symmetric and skew-symmetric parts which can be compared with the respective parts











)1− 6(1 + ν)
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Alternatively to the Lamé-type constants, a linear-elastic isotropic micropolar medium can
be characterized by engineering constants [17, 22]. These engineering constants appear in
solutions for simple loading cases and can thus be related to respective experiments. In
addition to Young’s modulus and Poisson ratio, these are the coupling number N r, polar
ratio Ψr and the characteristic lengths lrb and l
r
t under bending and torsion, respectively:
Ψr =
βr + γr
αr + βr + γr














Due to the deviatoric double stress M˜r, the polar ratio evaluates to Ψr = 3/2 independent ofthe particular values of βr and γr. This value of Ψr leads to a bounded stiffness of torsion
specimens of arbitrarily small size as discussed by Neff [101]. The predicted coupling number




















































Fig. 4.4.: Non-classical Cosserat parameters: (a) coupling number, (b) characteristic length under torsion, (c)
characteristic length under bending for spherical pores n = 3 and (d) for circular pores n = 2





















Fig. 4.6.: Cosserat coupling modulus from exact
solution and Ritz’ solution
N r from Eqs. (4.37) and (4.50) is plotted in Fig. 4.4a versus the porosity f . It lies between
0.9 and 1 and increases with increasing porosity f . The influence of the Poisson ratio ν
of the matrix material on N r can be neglected. Figures 4.4b and 4.4c show the influence
on the characteristic length scales lrt and lrb, respectively, for spherical pores n = 3. Both
characteristic lengths increase with increasing porosity f for a given value of R. Even for
f → 1, both lrt and lrb remain finite although the effective shear modulus µ(eff) tends to zero
and appears in the denominator in Eq. (4.54). In particular, for highly porous materials
f & 0.7, the internal length scales attain values lrt ≈ R and lrb ≈ 2R for ν ≥ 0.2, respectively.
In this context it is recalled that for real porous materials, R might be interpreted as half
average distance between pores. The Poisson ratio has hardly any influence on lrt and a
moderate influence on lrb. Figure 4.4d shows the length scale for bending l
r
b for the plane case,
i. e. with circular pores. Qualitatively and quantitatively, the results are comparable with
those for the spherical pores in Fig. 4.4c. However, note that lrb in Fig. 4.4d was computed
with the effective shear modulus µ(eff) from periodic boundary conditions. If the values for
µ(eff) from static boundary conditions, either solved exactly or by Ritz’ method, were taken,
the questionable percolation behavior would lead to unbounded values of lrb as f reaches the
percolation limit f & 0.6, compare Fig. 4.3d.
Lakes and co-workers [19, 21, 24, 26] performed a number of bending and torsion experi-
ments with specimens from different foam-like materials. They identified the Cosserat param-
eters by a regression of the stiffnesses which were measured with specimens of different cross
section. They found indeed that a polar ratio Ψr = 3/2 matches quite well. For commercial
foams, they obtained a coupling number N r well below unity [21] but also a value N r = 0.99
[24]. Recently, they employed artificially printed foams for which they obtained again values
of N r close to unity and concluded that lower values were attributed to surface layers which
were damaged during the manufacturing of the specimens. Regarding the intrinsic length
scales lrt and lrb, they stated in their recent review [26] that they were much smaller than the
cell size in “stretch dominated” foams and “greater than the cell size ... in bend dominated
lattices”. Figure 4.4 shows that the predictions of the proposed homogenisation procedure
matches quite well with these experimental findings.
Verification For estimating the quality of the approximate solution by means of Ritz’ method
with cubic ansatz, it needs to be verified. In particular, in the plane case the problem for
the coupling modulus κr is axisymmetric, Fig. 4.5, and can be solved exactly. The respective
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Therein, the geometric moments from Eq. (4.26) were used and the prime ()′ refers to the
derivative with respect to r. Furthermore, Σskw = ˜ : Σ˜ refers to the skew-symmetric part ofthe macroscopic stress Σ˜ . This skew-symmetric part acts like a circumferencial volume forcewhich goes linear with r and drives the relative rotation, compare Eq. (3.83). Equation (4.55)
can be integrated twice yielding










with two constants of integration c1 and c2. Constant c1 is determined from the condition
of a traction free surface of the pore (uϕ/r)′|r=Rvoid = 0. The term with c2 corresponds to
an irrelevant rigid rotation. The kinematic micro-macro relations (3.36) and (3.79) for the








Finally, the coupling modulus κr can be extracted from the resulting relation between the
relative rotation Φ∇U − Φr and the skew-symmetric part Σskw of the macroscopic stress as
κr = 6µ
(1 + f)2
(1− f)(1 + 3f) . (4.58)
Figure 4.6 compares the exact value of κr from Eq. (4.58) with the cubic Ritz’ estimate (4.50).
As expected, Ritz’ method provides an upper bound. For a compact material f = 0, it even
yields the exact result κr = 6µ since the exact solution (4.56) is cubic in this case. For
other values of porosity f , the discrepancy between exact solution and Ritz estimate remains
moderate. For f → 1, the coupling modulus κr diverges, compare Eqs. (4.50) and (4.58),
which is why the coupling number N r tends to unity, Fig. 4.4a.
For verification of the coefficients βr and γr, which relate the double stress and gradient of
rotation, the most simple case is considered: the compact material f = 0 for the plane case
n = 2. In this case, the stress field
σ˜ = 73R2 I˜ξ · ˜ ·Mr − 1R2 (ξ ⊗ ˜ ·Mr + ˜ ·Mr ⊗ ξ) (4.59)
can be identified as solution to the static boundary conditions (3.88) and equilibrium condi-
tion (3.87), respectively, for loading by the polar double stress vector Mr. This stress field is
linear in ξ and thus satisfies the compatibility condition for any homogeneous, linear elastic
material. Again, Kr is computed here via Castigliano’s method as Kr = ∂W/∂Mr. For this
purpose, the macroscopic complementary strain energy is computed asW =
〈












17− 16ν . (4.61)
Equation (4.61) indicates an non-negligible influence of the Poisson ratio ν of the matrix
material (for a plane stress case, ν has to be replaced by ν/(1 + ν)).













Fig. 4.7.: Microscopic deformation and stresses from
a micropolar double stress Mr = b1 (f =





















Fig. 4.8.: Micropolar double stress modulus from ex-
act solution, Ritz’ solution and FEM (ν =
0.3)
Corresponding FEM computations have been performed for the verification with finite
porosities f . Triangular elements with linear shape functions are used. The static boundary
conditions (3.88) were implemented into the commercial FEM code Abaqus by means of the
UTRACLOAD interface. The results of such a computation are shown in Fig. 4.7. The double
stress modulus γr was extracted from the strain energy, too.
Figure 4.8 compares the resulting values of γr between the exact solution (4.52), Ritz
approximation (4.52) and FEM computations. It turns out again that the Ritz approximation
provides a reasonable accuracy for all values of porosity f . For f = 0, even the exact solution
is obtained since the microscopic displacement field is a quadratic polynomial in this case.
The good agreement of the Ritz estimates with the given exact and numerical solutions
for the plane case n = 2 raises the hope that the Ritz estimates (4.50), (4.46) and (4.52) are
sufficiently accurate for the spatial case n = 3 as well.
4.5. Microdilatational theory
The microdilatational theory is obtained from the general micromorphic theory by allowing
only hydrostatic parts of the difference stress s˜= shI˜ and by replacing the micromorphic staticboundary condition (3.22) by Eq. (3.119). Thus, from the Ritz’ solution for the general micro-
morphic model, Eqs. (4.34) and (4.37) do remain. With the microdilatational static boundary










This value can be inserted to Eq. (4.22) to obtain the symmetrized gradient of microdefor-
mation K˜ s. From this tensor, only the gradient of microdilatation Kv is transferred to themacroscale. According to Eq. (3.104), the gradient of microdilatation comprises the compo-
nents Kvi = 2K
s
ijj −Ksjij of K˜ s. Thus, the the cubic ansatz results in a constitutive relation
Mv = µR2
8(1 + ν)(1− f5/3)
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for the plane case n = 2, respectively.
The linear elastic microdilatational theory was proposed by Cowin and Nunziato [103] as
“linear theory of elastic materials with voids”2. In this theory, an isotropic linear elastic
material is described by the constitutive relations
Σ˜ = 2µ(eff)E˜ + λ(eff)E˜ : I˜I˜+ βvχvI˜,
s˜h = ξ
vχv + βvE˜ : I˜, (4.65)
Mv = αvKv
with parameters βv, ξv and αv in addition to classical Lamé parameters µ(eff) and λ(eff).
Thereby, the symbols for the measures of stress and deformation were adapted to the present
notation3. In contrast to the micropolar theory, several definitions of a coupling nomber
for the microdilatational theory were used in the literature4. For an overview the reader is








which appears in closed-form solutions for the bending problem [103, 104].















1 + f − 2f n+2n
)]
(4.67)







− ξv . (4.68)
from the Ritz approximation. Therein, K = 2µ/n + λ is the bulk modulus of the matrix.
The effective macroscale bulk modulus corresponds to the case s˜h = 0 as discussed already.
Thus, it is related to the parameters in Eq. (4.65) by K(eff) = 2µ(eff)/n + λ(eff) − (βv)2/ξv.
This relation allows to compute λ(eff) from the effective moduli µ(eff) and K(eff) in Eqs. (4.36)
and (4.37), respectively. The coefficient αv of the double stress can directly be anticipated
from Eqs. (4.63)–(4.64) and does not need to be repeated here. The related characteristic
length lv is plotted in Fig. 4.9. The plot shows that lv depends strongly on the Poisson ratio
ν of the matrix material and on the porosity f . This strong dependency was not observed
for the characteristic length scales of the micropolar theory, compare Fig. 4.4. The compar-
ison with Fig. 4.4 shows furthermore that for a given microstructure size R, the obtained
microdilatational length lv is considerably smaller than the respective micropolar values lrt
and lrb. Furthermore, in contrast to the latter, l
v decreases towards zero for high porosities
f → 1. This fact complies with the finding of Lakes [20] that the contribution of the microp-
olar terms to the size effect for foams under bending is stronger than the contribution of the
microdilatational terms.
2Materials with voids can be modeled by means of all continuum theories which are considered within the
present thesis, including the classical Cauchy-Boltzmann theory. That is why the author prefers the term
“microdilatational theory”.
3In the theory of Cowin and Nunziato [103], χv is interpreted as “change in volume fraction” and denoted by
ϕ. The double stress Mv corresponds to the “equilibrated stress vector” h and sh = −s˜h to the “intrinsic
equilibrated body force” g, respectively.
4This problem is related to the fact that a single coupling number and an intrinsic length lv due not suffice
to characterize the three non-classical parameters ξv, βv and αv.
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Fig. 4.9.: Characteristic length of microdilatational theory (n = 3)
Verification Also for the homogenization towards a microdilatational theory, some exact so-
lutions can be found. In particular, for the considered spherical volume element with spherical
pore, a microdilatational difference stress s˜h and a hydrostatic external stress Σ˜ = ΣhI˜ im-pose an axisymmetric problem in the plane case n = 2 or a spherical symmetrical problem






= − n+ 2






























For the hollow sphere under spherical-symmetrical loading, the kinematic and kinetic micro-
macro relations (3.36), (5.8) and (3.110), respectively, become






Σ˜ : I˜= σrr(r = R)
(4.72)
For the ODE (4.69), it makes no difference whether (4.72)1 or (4.72)3 is applied as kinematic
or static boundary condition (3.120) or (3.22), respectively. For simplicity, the constants of
integration c1 and c2 are determined firstly by (4.72)3 together with the natural boundary



















Fig. 4.10.: Non-classical microdilatational moduli ξv and βv from exact solution and Ritz’ solution (n = 3,
ν = 0.3)
condition σrr(r = Rvoid) = 0 at the void surface. With these values, the kinematic relations















































































Due to the existence of a strain energy, the crossed coefficients are equal, ∂Ev/∂s˜h = ∂χv/∂Σh.
These two equations can easily be inverted for Σh and s˜h yielding the parameters βv, ξv and,
together with µ(eff), the Lamé parameter λ(eff). The effective bulk modulus K(eff) can be
extracted for the case s˜h = 0 as discussed already in section 4.3. Thus, K(eff) corresponds to
the inverse of the first term on the right-hand side of Eq. (4.73).
The exact values for the effective bulk modulus K(eff) have been compared with corre-
sponding Ritz estimates already in Figs. 4.3a–4.3b in Section 4.3. The comparison between
the exact values of the non-classical microdilatational properties ξv and βv, respectively, and
their approximations by cubic polynomials is shown in Fig. 4.10. It shows that Ritz’ method
recovers the exact values f = 0. Note that in this case, ξv and βv have the same amount but
opposite sign. This means that the coupling between internal stress σh = Σh + s˜h and relative
deformation ev = Ev − χv vanishes. For increasing values of porosity f , the discrepancy
between exact and approximate values of ξv and βv, respectively, increases but remains at
an acceptable level. For f → 1, both quantities diverge as found already for the Cosserat
coupling modulus in the previous section (compare Fig. 4.6).
In addition, the modulus αv for the dilatational double stress Mv, Eq. (4.65)3, can be
determined exactly for isotropic porous material in the plane case n = 2. In this case,
there are no volume forces related to Mv in Eq. (4.65) but Mv appears only in the static
boundary condition (3.119). Consequently, the resulting stress state at the microscale can be
characterized by an Airy stress function F (ξ). For symmetry reasons, the Airy function has
to have the structure
F = g(r)Mv · ξ . (4.75)















Fig. 4.11.: Microdilatational double stress modulus from exact solution and Ritz’ solution (ν = 0.3)
The compatibility condition









Mv · ξ (4.76)





+ C3 ln(r) + C4 (4.77)
are respective terms of the well-known Mitchell series. The coefficient C4 does not contribute
to the stresses. Furthermore, it is required that C3 vanishes since the term C3 ln(r) is related to
a displacement field which is not periodic in tangential direction, compare §31 in Timoshenko
and Goodier [105]. The resulting stress field is




















, g′(Rvoid) =0, (4.79)
respectively, and allow to compute the remaining coefficients C1 and C2. Again, the macro-
scopic constitutive law is computed via Castigliano’s method as Kv = ∂W/∂Mv. In particular






3− 4ν + f2
1− f2 M
v ·Mv (4.80)
is obtained5. The double stress modulus αv corresponds to the half the inverse of the cofactor
of Mv ·Mv in Eq. (4.80).
Figure 4.11 shows a comparison between the exact solution (4.80) and Ritz approxima-
tion (4.63). Ritz’ method provides an upper bound of reasonable accuracy. For compact
material f = 0, it even provides the exact solution as the displacement field is a quadratic
polynomial.
5The commitment of the undergraduate student Vincent von Oertzen for the detailed elaboration of
Eqs. (4.76)–(4.80) is gratefully acknowledged.




Fig. 4.12.: Simple shearing of an infinitely wide layer
Remarks
The comparison of the Ritz estimates with selected exact solutions and FEM solutions exhib-
ited an accuracy of the estimates for the micropolar and microdilatational terms which should
be sufficient for most engineering purposes. It might be expected that the Ritz estimates with
a cubic polynomial provide a reasonable accuracy for the microdeviatoric terms as well.
4.6. Size effect in simple shear
In order to investigate the predictions of the presented model, the simple shearing of an
infinitely wide layer of height h of the homogenized micromorphic material is considered as
sketched in Fig. 4.12. This one-dimensional problem can be solved analytically which is why it
is often used as a benchmark to study size effects predicted by generalized continuum theories,
e. g. in [27, 30, 69, 106–111].
For an analytical solution to this problem for a micropolar continuum, the ansatz
U = U (X2) b1, Φ
r = Φr (X2) b3 (4.81)
is adopted that the horizontal displacement as well as the rotation depend solely on the
vertical coordinate X2. Therein, b1, b2 and b3 denote the unit base vectors. Based on these
field, the deformations are obtained as
E˜ r = (U ′ + Φr)b2b1 − Φrb1b2, K˜ r = (Φr)′ b2b3 (4.82)
whereby the prime ()′ refers to the derivative with respect to X2. Firstly, these deformations
are inserted into the constitutive relations (4.47) and (4.48) to get the stress fields Σ˜ and M˜r
Σ˜ = [(µr + κr)U ′ + κrΦr]b2b1 + [µrU ′ − κrΦr]b1b2 ,
M˜r = (Φr)′ (βrb3b2 + γrb2b3)
respectively. Subsequently, the equilibrium conditions (2.108) and (3.75) yield two second
order ODEs for the two functions U (X2) and Φr (X2), respectively. These ODEs can be
solved e. g. by elimination of U (X2). In addition to the classical displacement boundary
conditions U (0) = 0 and U (h) = Uˆs, boundary conditions for the microrotations Φr have
to be specified. Here, so-called micro-clamped boundary conditions Φr (0) = Φr (h) = 0 are











is obtained which corresponds the resistance to the displacement Uˆs. Obviously, the tanh()
term reflects the size effect with lrs as characteristic intrinsic length. Equation (4.83) shows
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Fig. 4.13.: Size effect in simple shearing: compari-
son between spherical (“3D”) and circu-
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Fig. 4.14.: Size effect in simple shearing: compar-
ison with simulations with discrete mi-
crostructure from literature
that the size effect would vanish if the coupling number N r would be zero. However, the
present theory predicts values of N r close to one as discussed above.
Figure 4.13 visualizes the size effect. For this purpose, the reaction shear stress Σ21 is
related to its limit Σ∞21 = µ(eff)Uˆs/h for thick layers h/lrs → ∞ and plotted versus height
h normalized by the intrinsic length R. In this representation, classical Cauchy-Boltzmann
theory predicts a horizontal line Σ∞21 = Σ21. In contrast, the micropolar theory predicts a size
effect as deviation from this horizontal line. The figure shows that the size effect increases
considerably with increasing f , whereas the difference between spherical pores n = 3 and
circular pores n = 2 is not significant (again under the premise that µ(eff) in lrb is computed
via periodic boundary conditions).
In the context of the spatial case n = 3 it has to be mentioned that it was assumed in
Eq. (4.81) that the microrotation Φr remains normal to the plane which is why K˜ r has onlya b2b3 component but the double stress has an out-of-plane component M r32, Eq. (4.83)2.
Vice versa, it can be assume that M r32 vanishes and K˜ r has an out of plane component b3b2.Though, in the latter case the field K˜ r will in general not be compatible. These considerationsare analogous to the models of plane stress and plain strain in classical theory of elasticity.
Anyway, Figure 4.13 shows that the predicted size effect decreases considerable in the case
of plane double stress. Furthermore, it may be remarked that the derived micropolar model
allows to compute a response for all values of the height h of the strip, though, based on the
fact that the employed volume element has a size of 2R, no reasonable prediction are expected
for h . 2R.
Figure 4.14 compares the predictions of the present micropolar approach to respective FEM
simulations of foam-like materials with discretely resolved microstructure (sometimes termed
“direct numerical simulation”, DNS). In particular, Jänicke [93] and Liebenstein et al. [27]
investigated honeycomb microstructures whereas Tekoğlu et al. [29, 30] simulated random
Voronoi microstructures. For the simulations with discrete microstructure an equivalent in-
trinsic length R was defined as radius of a circle of equal area of the (average of the) discrete
cells. Only the simulations of Tekoğlu et al. activate a strong size effect. Jänicke and Lieben-
stein et al. performed simulations in the regime h & 7R where the deviation from the classical
theory amounts to less than 30%. All mentioned research groups employed plane microstruc-
tures which is why their results are compared with the micropolar results for circular pores
n = 2. Furthermore, Tekoğlu et al. as well as Liebenstein et al. used beam models which is
why ν = 0 is chosen for the micropolar model (the effect of ν is weak anyway). Figure 4.14
shows that the predictions of the present micropolar model comply quite well with the discrete
simulations. The discrete simulations were performed for porosities f & 0.9. For such values
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of f , the present model overestimates the size effect moderately. It is to be expected that
the predicted size effect increases further if fully micromorphic model would be used, i. e.
additional microdeviatoric effects were incorporated. In this context it has to be remarked
that in [4] the author made an attempt to model the size effect of foams in simple shear (based
on Forest’s theory of micromorphic homogenisation, Section 2.2.4) without the adoptions to
porous material proposed in Section 3.4. Actually, this means that a displacement field had
to be assigned arbitrarily to the pore. For that reason the theory in [4] overestimated the size
effect in shearing severely, by orders of magnitude, for larger porosities f & 0.5. In this sense,
the present theory constitutes a large progress.
The fact that the present theory still overestimates the size effect moderately might be
related to the choice of the volume element, compare Fig. 4.2 at page 66. In this volume
element, the stress-carrying material is located only far away from the center. Thus, it
exhibits a large stiffness under bending type loadings. Equivalently, one could choose a
realization of the same microstructure where the material is located mostly near the center.
Such a realization would yield lower stiffnesses for the double stress terms, i. e. lower values
of βr and γr. Finally, one could compute the ensemble average over all possible realizations




In this chapter, the proposed homogenisation procedure is applied to derive nonlinear micro-
morphic models for the mechanism of quasi-brittle failure and for ductile failure.
5.1. Quasi-brittle damage
Quasi-brittle materials like ceramics or concrete soften due to initiation and propagation of
microcracks. Typically, these microcracks initiate at pores or inclusions. Mühlich et al. [114]
formulated a corresponding damage model by assuming that the damaged spherical layer of
thickness ∆a can be considered as effective growth of pores as sketched in Fig. 5.1. Thus, an







after some amount of crack growth ∆a as internal variable. This approach is adopted here
to derive a micromorphic damage mechanics model based on the presented homogenisation.
In particular, all constitutive parameters of elasticity were determined as functions of the
porosity f which is why the macroscopic internal energy ρΦ = 〈ρΦ〉V is a function of the
macroscopic measures of deformation as well as of f .
For the model of quasi-brittle damage, it is assumed that no residual strains appear during
quasi-brittle failure so that the damaged zone stores no recoverable strain energy anymore.
That is why f in the macroscopic internal energy density is replaced by f∗:
Φ = Φ(E˜ , e˜,K˜ s, f∗) (5.2)
It is recalled here that it was shown in Section 3.1 that the internal energy Φ constitutes a
potential for the stresses even for irreversible behavior, compare Eq. (3.8).
Furthermore, an evolution equation for f∗ needs to be formulated. For this purpose the
dissipation D associated with microcrack growth is investigated. Firstly, consider the spatial
Rvoid
Rvoid + ∆a
Fig. 5.1.: Increase of effective porosity due to propagation of microcracks (after Mühlich et al. [114])
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case n = 3. It is assumed that a number m of microcracks propagate whose crack fronts
remain circular. Thus, for a fracture toughness of the matrix material Γ0 (which may depend
on ∆a), the dissipation during ongoing microcrack growth is
D = mΓ02pi(Rvoid + ∆a)∆.a . (5.3)








The corresponding macroscopic dissipation is obtained after Eq. (3.4) as ρD = D/∆V (X).
Furthermore, for the particular internal (5.2) the reduced balance of energy (3.5) yields D =
Z
.
f∗ with Z = −ρΦ,f∗ being the driving force (or energy release rate) of
.
f∗. Thus, for ongoing
microcrack growth
.
f∗ ≥ 0, Eq. (5.4) has to be equal to Z .f∗V . Otherwise, there is no growth
of microcracks, i. e.
.
f∗ = 0. This behavior can be expressed in terms of a damage function








and the corresponding loading-unloading conditions
Φ ≤ 0, .f∗ ≥ 0, Φ .f∗ = 0 . (5.7)







If the internal energy potential (5.2) is obtained by Ritz’ method, Section 4.2, then (1−f∗)
appears in the constitutive equation (4.29) for the internal stress σ¯˜ as prefactor of ≈S : E˜ . Thelatter term would be the stress in the compact matrix material in absence of non-classical
deformations. Such a stiffness reduction is employed also in Kachanov effective stress type
isotropic damage models, see e. g. [115]. In the context of such models the internal variable f∗
is denominated just as damage variable. Some heuristic extensions of effective stress damage
models to nonlocal or implicit gradient enriched theories have been proposed in the literature
[e.g. 15, 116–119]. According to Forest [14], the gradient formulations fit in the framework of
generalized micromorphic media. Therein, higher order terms that contain the intrinsic length
are included typically linearly and reversibly (corresponding to M˜ = cK˜ in present notationwith a constant c). In contrast, within the present micromorphic homogenisation approach
also the constitutive relations for the nonclassical stresses exhibit irreversible behavior and are
obtained as a straight-forward result of the homogenisation procedure. However, in an FEM
implementation, the heuristically gradient-enriched models require only a single additional
nodal degree of freedom and not the complete tensor of microdeformation χ˜ as with themicromorphic model. Anyway, the regularisation capabilities of such a micromorphic model
of quasi-brittle damage was demonstrated by an FEM implementation by the graduate student
Rostyslav Skrypnyk [120, 121].
5.2. Microdilatational extension of Gurson’s model of ductile damage
The ductile mechanism consists of the nucleation, growth and coalescence of microscopic voids
during plastic deformations. The constitutive model of Gurson [122, 123] and its numerous
modifications are established to simulate the ductile damage and failure of components. For
recent reviews, the reader is referred to [95, 124–126].
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Heuristic nonlocal [82–84] and gradient extensions of Gurson’s model [85, 86] were proposed
to overcome its spurious mesh dependency. In contrast, Gologanu et al. [44] extended Gur-
son’s homogenisation approach to the strain-gradient theory. Thus, the additional gradient
terms, and consequently the distance of voids as intrinsic length, enter the yield function and
do have indeed a highly non-linear contribution. Numerical results [127, 128] show that this
model overcomes the spurious mesh dependency in principle. The problem with the model
of [44] (GLPD model) is its cumbersome FE implementation. A strain gradient theory im-
poses stronger restrictions to the continuity which cannot be fulfill by standard polynomial
shape functions. Even if this problem is circumvented by hybrid or penalty formulations,
the computational effort raises dramatically since the complete strain tensor becomes a nodal
variable1.
To sum up the current state of ductile damage models which can handle localization, it can
be said that one has to chose between computationally efficient but purely heuristic implicit-
gradient enriched Gurson models [85, 86] or the micromechanically sound but computationally
expensive strain-gradient GLPD model [44]. Comparing these approaches shows that both
types are subclasses of generalized micromorphic continua in the sense of Forest [14]. The
implicit-gradient enriched models postulate an additional PDE of balance type on the porosity,
which drives the softening in Gurson’s model, or the directly related dilatational strain, which
is why they can be classified as microdilatational continua.
In order to combine the computational efficiency of implicit-gradient enriched models with
the micromechanically sound basis of the GLPD model, Gurson’s model shall be extended
to the theory of unconstrained microdilatational media by homogenisation. As in Gurson’s
original model and in GLPD model, a spherical void of radius Rvoid in a spherical volume
element n = 3 of radius R is considered, see Fig. 4.2 and Section 4.3. For this geometry, the













3 〈5br v · br − 2v〉S(R) + V
]
(5.9)
whereby it was used that for the boundary of the spherical cell, the normal n coincides with
the radial unit vector br = ξ/R = n.
5.2.1. Limit load analysis for rigid ideal-plastic material
For an ideal rigid-plastic material the microscopic specific dissipation is pi := ρD = σ˜ :d˜. According to Eq. (3.4), the macroscopic dissipation corresponds to the average of itsmicroscopic counterpart. For an ideal rigid-plastic material, the dissipation is equal to the
internal work. Thus, for a microdilatational theory, Eq. (3.115), a limit-load analysis yields
Σ˜ : D˜ + s˜h .χv + Mv · LKv ≤ Π (D˜ , .χv,D˜ ) := inf 〈pi〉V (5.10)
whereby the infinimum is taken over all kinematically admissible fields [95]. For a Mises
material, the microscopic plastic dissipation is




d˜ : d˜ d˜ = sym (∇xv) (5.11)
Kinematically admissible are all incompressible fields
d˜ : I˜= ∇x · v = 0 (5.12)
1The recently proposed technique by Bergheau et al. [128] requires fundamental modifications of the compi-
lation of the global system of equations and is thus hardly suitable for standard multi-purpose FE codes.
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which fulfill the kinematic micro-macro relations (3.36), (3.116) and (3.117) of the microdi-
latational theory for prescribed values of the macroscopic deformation rates D˜ , .χv and LKv.A subclass of this definition would incorporate only those fields which are additionally com-
patible with the kinematic boundary condition (3.120).
The yield surface is given in parametric form as



















is orthogonal to it, whereby λ is the plastic multiplier.
Trial fields
With symmetric tensor D˜ , vector LKv and scalar .χv, we have ten independent kinematiccomponents which would require at least ten incompressible trial fields to cover them inde-
pendently, i. e. at least four more than in Gurson’s classical model. For the hollow sphere under
consideration (Fig. 4.2), the kinematic micro-macro relations for micro and macro dilatation,
.
χv and D˜ : I˜, respectively, exhibit a spherical symmetry which is why this symmetry appliesalso to the respective trial fields. However, there is only a single incompressible field with
spherical symmetry, namely that of Rice and Tracey [129] which is already among Gurson’s
classical trial fields. Thus, for an incompressible matrix there will be a kinematic constraint





ξ + β˜ · ξ + vK(ξ) (5.15)
The incompressible matrix (5.12) requires β˜ : I˜= 0 for the field to be kinematically admissible.Due to the point symmetry/antisymmetry of the respective operators, the parameters A and






1− f 5/3A D˜ = β˜ +A I˜ (5.16)








between the rates of microdilatation and macrodilatation, .χv and Dv = D˜ : I˜, respectively.The test field vK(ξ) of the gradient LKv of microdilatation needs to be linear and axially
symmetric with respect to the vector LKv and incompressible. Thus, the approach of Golo-
ganu et al. [44] is adopted and vK(ξ) is derived in terms of a Helmholtz decomposition. The
condition of incompressibility (5.12) requires that vK(ξ) derives from a vector potential Ψ(ξ):
vK(ξ) = ∇×Ψ(ξ) . (5.18)
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The axial symmetry with respect to LKv is ensured by choosing
Ψ(ξ) = LKv × ξ gK(r) (5.19)











ξ ξ · LKv . (5.20)
Obviously, a constant value of the yet undetermined function gK(r) corresponds to a pure
rigid body translation in direction of LKv. The macroscopic velocity (3.34) associated with




Kv [gK(R)− fgK(Rvoid)] . (5.21)












Thus, it is required that the square bracket in Eq. (5.22) equals R2/2.












d˜ : d˜〉S(r)dr . (5.23)
For the velocity field (5.20), the local rate of deformation amounts to






Kv · br − g′KI˜LKv · br (5.24)
with a magnitude of




LKv · LKv + (LKv · br)2 [4(g′K)2 − 2rg′′Kg′K − r22 (g′′K)2
]
. (5.25)














β˜ : β˜ + 29LKv · LKv [10(g′K)2 + (rg′′K)2 + 4rg′Kg′′K]dr .
(5.26)
The first derivative g′K(r) dominates the term with the gradient L
Kv of microdilatation until














whereby the offset value was chosen arbitrarily such that the macroscopic velocity V according
to (5.21) vanishes. The trial field vK(ξ) with linear ansatz (5.27) is visualized in Fig. 5.2.
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LKv
Fig. 5.2.: Trial field vK(ξ) (vector K
v in horizontal direction)
The linear ansatz (5.27) has the advantage that the contribution of the LKv term to the
radicand in (5.26) is a constant so that the integral in (5.26) can be solved exactly preserving





















D˜ d : D˜ d + R
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qM
LKv · LKv with qM = 9
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For obtaining the yield locus, the macroscopic plastic dissipation Π in (5.13) needs to be
amended by the kinematic constraint (5.17) which is enforced by a Lagrange multiplier λv:










The parametric form of the macroscopic yield surface is obtained according to (5.13) from Π˜.







shows that the Lagrange multiplier corresponds to the microdilatational stress difference.
With this finding, the remaining relations from (5.13) read
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2As in [130] solely the kinematic micro-macro relation (3.117) is imposed and not the stricter kinematic
boundary condition (3.120). The latter would imply the additional requirement g′K(R) = −R/3.
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In order to get an implicit expression, the quantities Q and P (which correspond to Mises
stress Σeq and hydrostatic stress Σh = 13Σ˜ : I˜ in Gurson’s original model, respectively) needto be expressed in terms of the stresses Σ˜ , s˜h and Mv. For the hydrostatic part of (5.33) thisis




1− f 5/3 s˜h (5.35)
whereas a close look on the deviatoric part of (5.33) and (5.34) in the light of (5.30) reveals
that




where (Mv)2 = Mv ·Mv. The parameters η and Beq of the implicit description Q(η,Beq) and












− (1 + f2) (5.37)
It can easily verified that an associated flow rule (5.14) and Φ with P in form of Eq. (5.35)
satisfy the kinematic constraint (5.17).
5.2.2. Phenomenological extensions
In a strict sense, Gurson’s yield function applies to rigid ideal-plastic material only. It is thus
of little practical use until several phenomenological extensions are introduced. Of course,
this is the case for its microdilatational extension as well which is why several established
extensions shall be discussed and adapted to the present microdilatational model. Most
significant are presumably the extensions to work-hardening, to the evolution of the porosity
f and to elastic-plastic behavior.
The extensions to work hardening and the evolution of f were proposed by Gurson [122]
himself. Isotropic hardening is incorporated by replacing the matrix yield stress σ0 in yield
function (5.37) by some effective value Σ˜ = Σ˜(Eeq) which is postulated to be a function of
the equivalent accumulated plastic strain Eeq [122]. The evolution of Eeq is driven by the
macroscopic plastic dissipation. For the microdilatational model with flow rule (5.14) and a











(1− f)Σ˜ . (5.38)
The evolution equation of f .
f = (1− f)Dv + .fN (5.39)
can be adapted one-by-one from Gurson. The growth term
.
fG = (1− f)Dv was derived from
the condition of plastic incompressibility of the matrix. Note that the rate of microdilatation
.
χvpl is linked to the macroscopic plastic dilatation D
v by the kinematic constraint (5.17), which







of the intrinsic length R which is to be interpreted as mean half-distance of voids.
Without any problem, the models of continuous strain-controlled void nucleation by Chu
and Needleman [131] or by Zhang [132] can be used for
.
fN. In this case the intrinsic length
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R is to be interpreted as the mean of the half distance of potential nuclei. The adaption of
stress-controlled nucleation would require to specify the roles of the additional stress measures
s˜h and Mv on this process, in the simplest case they are neglected.
Needleman and Rice [133] proposed a hypoelastic-plastic extension of Gurson’s model. Also
hyperelastic-plastic models were proposed in literature. In the context of ductile failure of
engineering alloys, typically the elastic deformations are much smaller than the plastic ones
and a hypoelastic-plastic formulation provides sufficient accuracy which is why it shall be
employed in the following. In such a formulation, all macroscopic rates of deformation are
split into elastic and plastic parts
D˜ =D˜ el + D˜ pl, .χv = .χvel + .χvpl, LKv =LKvel + LKvpl . (5.41)
Consistently, the total rates of deformation in flow rule (5.14) as well as in evolution equa-
tions (5.38)–(5.40) are replaced by the plastic parts D˜ pl, .χvpl, LKvpl , respectively. The elasticconstitutive equations (4.65) are converted to rate form
∇
Σ˜ = 2µ(eff)D˜ el + λ(eff)D˜ el : I˜I˜+ βv .χvelI˜,∇
s˜h = ξ
v .χvel + βvD˜ el : I˜, (5.42)∇
Mv = αvLKvel .
For objectivity reasons, the Jaumann rate
∇
(◦) (or another objective rate) of the stresses
needs to be used on the left-hand side. For the scalar s˜h, the Jaumann rate coincides with
the material rate. The elastic parameters µ(eff), λ(eff), βv, ξv and αv can be taken from
Section 4.5. For infinitesimal elastic deformations, the hypoelastic formulation (5.42) reduces
to the hyperelastic relation (4.65) only if the elastic parameters are constants. This means
that they must not be computed for the current porosity f but for the initial value f0. This
simplification is usual for the application of Gurson-type models.
Although the derivation of the yield function (5.37) ensures that it is a rigorous bound for
rigid ideal-plastic matrix material, for practical applications it is more relevant to improve the
predictive quality of the model for elastic-plastic material with hardening. For this purpose,
Tvergaard [134] introduced the parameters q1 and q2 and replaced in the Gurson yield function
f by q1f and P by q2P , respectively. Extensive parameter studies with cell models were
performed in literature, see e. g. [135]. Although such cell models did not incorporate the non-
classical macroscopic deformation measures of the present theory, the classical theory and thus
the performed cell model simulations are a special case of the microdilatational framework
and should therefore be captured adequately as well. For this reason it seems reasonable to
introduce q1 and q2 and their particular values also in the microdilatational yield function
(5.37). In this context, it suggests itself to calibrate the coefficient qM of the double stress
term to respective cell model simulations with non-vanishing gradient Kv of microdilatation.
Gologanu et al. [44] performed cell model simulations for their extension of Gurson’s model to
the strain gradient theory. If only the gradient of the mean rate of deformationDm = 1/3D˜ : I˜is considered, their kinematic boundary conditions (2.65) becomes
v = V0(X) + ξ ·
(∇XV)+ 12 (2I˜∇XDm −∇XDmI˜) : ξξ on ∂∆V . (5.43)
For the considered spherical volume element, ∇XDvI˜ : ξξ = ∇XDvR2 represents a rigid trans-lation. Thus, up to this irrelevant translation, the dilatational part of the kinematic boundary
conditions (5.43) of Gologanu et al. is identical to the corresponding term in Eq. (3.120) of the
present contribution (and a factor 1/3 which is related to the choice of dilatational part and












Fig. 5.3.: Comparison of values for coefficient qM
mean value of the rate of deformation, respectively). Thus, the results of the cell model com-
putations by Gologanu et al. [44] can be compared directly to qM . In particular, a comparison
of the respective generalized Hill-Mandel lemmas in context of the mentioned quadratic part
of the microscopic boundary condition shows that the calibration parameter ∆CC of [44] can
be related to the present model as qM = 9/∆CC . Gologanu et al. [44] determined this param-
eter numerically as 1.58 . ∆CC . 1.71 for small porosities f ≤ 0.01. In Fig. 5.3, these results
are plotted together with the analytical estimates Eq. (5.30)2 of the present study. It shows
that the values are comparable. In this context it has to be remarked that Gologanu et al.
imposed only boundary condition (5.43). In contrast, it is recalled that in the present study
the weaker kinematic micro-macro relation (3.117) is imposed for the gradient of microdi-
latation. However, in contrast to Gologanu et al., the present study involves the kinematic
micro-macro relation (3.34) as additional integral constraint.
The last class of heuristic extensions encompasses the modeling of void coalescence. The
most prominent representative thereof is surely the model of Tvergaard and Needleman [136]




f f ≤ fc
fc + (f − fc)κ fc < f ≤ ff
fu ff < f
with κ =
fu − fc




coincides with the actual one f until f reaches fc and coalescence is assumed to initiate. In
the coalescence stage, f∗ increases faster then f does according to (5.39). The Tvergaard-
Needleman coalescence model can be adapted to the present extension of Gurson’s model
since it ensures that the macroscopic softening is driven only by dilatational deformations












− 1− (q1f∗)2 . (5.45)
Recently, coalescence models of Thomason-type attracted research activities (for a recent
review the reader is referred to Benzerga et al. [125]). If they are implemented as a second yield
condition they are not suitable for the present microdilatational framework since softening can
then be driven also by deviatoric deformations. For the same reason the shear modification of
Nahshon and Hutchinson [137] is inadequate. However, well-suited for the microdilatational
model is the approach of Zhang [132] to implement the approach of Tvergaard and Needleman
3Strictly speaking, the nucleation term in (5.39) may violate this condition. However, this is of no practical
relevance if the nucleation parameters are chosen such that the nucleation occurs mainly before reaching
fc.
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[136] with fc determined from Thomason’s criterion (or one of its recent enhancements) in in
dependence of the current stress state.
The role of the difference stress
The yield function (5.45) has such a structure, that the yield surface Φ shrinks to a point at
the origin in the P -Q space for completely failed material q1f∗ → 1. The equivalent stress Q
is defined in Eq. (5.36) by a quadratic relation in terms of Σ˜ d and Mv. Consequently, not onlydoes complete failure imply Σ˜ d = 0 but also the double stress vanishes Mv = 0. The latterconsequence is favorable insofar as it satisfies directly a free-surface condition Mv · n = 0.
That means that the double stress does not require separate treatment when new surfaces are
formed in regions of completely failed material (in contrast to heuristically gradient-enriched
models with linear relations for the double stress, cmp. [31]).
However, the situation with the hydrostatic-type stresses Σh and s˜h is different since
Eq. (5.35) constitutes a linear relation between P , Σh and s˜h. This means that P = 0
does not necessarily imply Σh = s˜h = 0. In this context it is instructive to reconsider purely
hydrostatic cases of purely loading by Σh and s˜h. In particular, the Navier solution (4.70)
from Section 4.5 allows to identify the Σh − s˜h surface of initial microscopic plastification.
Without going into the detail it shall be mentioned, that even for compact material f = 0, a
plastification by a hydrostatic difference stress of amount |s˜h| = (1−2ν)/(1−ν)σ0 is possible.
However, the yield condition (5.45) does not incorporate a plastification in this case. The
reason is that loadings in the Σh − s˜h space normal to lines P = const do not posses a limit
load, although they may in general initiate local plastic deformations. Rather, such loadings
lead to an unbounded hardening behavior, even for ideal plastic behavior at the microscale.
This means that the macroscopic load has to be increased and increased to propagate the lo-
cal front of the zone of plastification at the microscale. Though, Fig. 4.10 shows that certain
non-classic elastic moduli diverge as well as the (effective) porosity tends to unity.
Thus, the derived yield condition (5.37) is an correct upper bound for the limit loads.
However, it is an open issue for future work how those elastic-plastic modes of deformation,
which do not posses a limit load, can be incorporated in a heuristic way. Favorably, such a
heuristic extension would be constructed in such a way that complete failure implies Σh =
s˜h = 0. Due to the diverging non-classical elastic moduli, this problem might be relevant also
for the model of quasi-brittle damage from Section 5.1.
5.2.3. FEM implementation
Weak form
A finite element implementation requires weak forms of the governing balance equations. For
the microdilatational theory, these are balances of linear and angular momentum, Eqs. (2.108)
and (3.99), and the weighted balance (3.112), respectively. Multiplication by test functions




Σ˜ : δE˜ dV −
∫
ΩX
ρf · δU dV −
∫
∂ΩX























5.2. Microdilatational extension of Gurson’s model of ductile damage 95
Both equations might be combined to the principle of virtual power
0 = δW =
∫
ΩX









ρf · δU + ρfhδχv dV −
∫
∂ΩX
n ·Σ˜ · δU + n ·Mvδχv dS .
(5.48)
However, Eqs. (5.46) and (5.47) are sufficient.
For the spatial discretization, a Galerkin approach is adopted. In a Voigt notation, the
relevant components of the essential field quantities thus read
[U] = [N]U · [̂U] χv = [N]χ · [̂χv] (5.49)
δ [U] = [N]U · δ[̂U] δχv = [N]χ · δ[̂χv] . (5.50)
with [N]U and [N]χ being the shape functions for displacements and microdilatation, respec-
tively. Furthermore, the notation [̂(◦)] refers to nodal values of a quantity and [(◦)] denotes
the column vector of the independent components of a quantity in Voigt notation with respect
to a given cartesian frame. The B-matrices
δ
[
E˜] = [B]U · δ[̂U] δ [Kv] = [B]χ · δ[̂χv] (5.51)
provide the mapping between nodal quantities and the required gradients of the essential field
variables.
Inserting Eqs. (5.49)–(5.51) to Eqs. (5.46)–(5.47) yields the discretized weak form






































which allows to define internal nodal “forces” [̂F ]
int
U and [̂F ]
int
χ , respectively, as well as mass
matrices [M]U and [M]χ. The external nodal forces [̂F ]
ext
U and [̂F ]
ext
χ comprise contributions
from non-trivial natural boundary conditions or volume loads and will not be needed for the
following investigations. The discretized weak form (5.52)–(5.53) is complemented by essential
boundary conditions.
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The discretized weak form is solved by the Newton-Raphson method. Consequently, the



















































































[K]tχχ, respectively, of the tangent stiffness matrix, compare e. g. [58]. Note that certain
contributions like d
[
Σ˜] /d∆[Kv] or d [Mv] /d∆[E˜] vanish for isotropic, linear elastic ma-terial (4.65). However, when the yield condition (5.45) is active, these coupling terms are
necessary. Geometric contributions to the tangent stiffness matrix are neglected.
Element formulation
The (macroscopic) domain ΩX is divided into elements. The polynomial shape functions
of each element are specified with respect to a simply shaped unit domain. Identical shape
functions are employed to discretize the displacements U and the location X. Note that
the aforementioned balances of momenta apply to the current configuration (Σ˜ , s˜h, Mv areEulerian measures of stress). Consequently, the integrals in Eqs. (5.46)–(5.55) are to be
computed over the current configuration. However, the nodes are material points and moved
with the deformation corresponding to an updated Lagrangian formulation. As usual, the
integrals over the unit domain of each element are computed by Gauss quadrature.
The element was implemented into the commercial FEM code Abaqus/Standard as a user-
defined element via the UEL interface [138] using the in-house library [139] based on the
microstrain element of the graduate student Rostyslav Skrypnyk [120, 121].
Integration of constitutive equations
The hypoelastic-plastic relations (5.41)–(5.42) are discretized by the Euler-backward method
Σ˜ = Σ˜ 0 − 2µ(eff)∆tD˜ pl − λ(eff)I˜∆Evpl − βvI˜∆t .χvpl,
s˜h = s˜h0 − ξv∆t .χvpl − βv∆t∆Evpl, (5.56)
Mv = Mv0 − αvLKvpl ∆t .
with elastic predictors




v∆χv + βv∆E˜ : I˜, (5.57)
Mv0 = M
vm + αv∆Kv .
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Therein, the superscript m refers to the last time increment and updated quantities in the
current time increment m + 1 are written without additional superscript. In addition, the
abbreviation ∆Evpl = ∆tD˜ pl : I˜ was introduced for the increment of the plastic dilatation.According to the stress integration algorithm of Hughes and Winget [140], the stresses Σ˜mand Mvm have to be incrementally rotated before inserting them to Eq. (5.57) in order to
account for the rotation terms of the Jaumann rate in Eq. (5.42). Furthermore, the evolution









wherein the abbreviation ∆λ˜ := λ∆t/Σ˜ was introduced for the normalized plastic multiplier
(of strain-type). Note that Eq. (5.58) is implicit since the yield function Φ depends on Eeq via
the matrix hardening law Σ˜(Eeq). Nucleation of porosity is not considered in the following
which is why the evolution equation (5.39) for the porosity can be integrated exactly as
f = 1− (1− fm) exp (−∆Evpl) . (5.59)
Compared to an approximate integration by Euler’s method, Eq. (5.59) has the advantage
that f cannot exceed unity if the time increment is too large. The evolution (5.40) of the
intrinsic length R is considered to be of minor importance for the envisaged example and not
implemented yet (though this would be no problem in principle).
Together with yield condition (5.45) and flow rule (5.14), Eqs. (5.56)–(5.59) form a system
of nonlinear (in-)equalities for the plastic multiplier λ and the plastic parts of all measures
of deformation. In view of the isotropic yield condition and the associated flow rule, this
system can be reduced dramatically by adopting the method of Aravas [141] to the present
microdilatational model. In particular, it turns out that the updated values of the stress
deviator Σ˜ d and of the double stress Mv are co-linear to the respective predictor values






















At this point it shall be remarked that the second term on the right-hand side of Eq. (5.61),
being related to the double stress Mv, is not present in the procedure of Aravas. That is why
he could compute the square root and obtained a linear relation between the increment of the
equivalent stress Q and ∆λ˜. In contrast, Eq. (5.61) is highly nonlinear.
Furthermore, an update equation for the equivalent hydrostatic stress P is required which
appears in the cosh-term in the yield condition (5.45). Firstly, the flow rule is inserted into
Eqs. (5.56)1 and (5.56)2:





∆Evpl, s˜h = s˜h0 − (qP ξv + βv) ∆Evpl (5.62)
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µ(eff) + λ(eff) + qP (2β




wherein P0 = Σh0 + qP s˜h0 refers to the elastic predictor of P . Note that KP depends on f







Finally, the solution algorithm is as follows: Firstly, the elastic predictors are computed ac-
cording to Eq. (5.57) and it is checked, whether they lie in the elastic regime Φ(Σ˜ 0, s˜h0,Mv0) ≤
0 (corresponding to an initial guess ∆λ˜ = 0). If so, the predictor values correspond to the
actual stresses. Otherwise, a return mapping step is necessary: the three nonlinear equa-










 = 0 (5.65)
need to be solved for the three primary unknowns [r] = [∆λ˜,∆Evpl, Eeq]
T
. The secondary
unknowns f , Q, P and Σ˜ can be computed explicitly from Eqs. (5.59), (5.63), (5.61) and a
matrix hardening law Σ˜(Eeq).
In the present implementation, Eq. (5.65) is solved by a monolithic Newton-Raphson
scheme4 requiring to compute the Jacobian matrix [J] = d [R] /d [r]. Having solved Eq. (5.65),
the stresses STRESS := [Σ˜ , s˜h,Mv] can be updated by Eqs. (5.60) and (5.62).
Algorithmically consistent tangent stiffness
The algorithmically consistent tangent stiffnesses are thus obtained by derivatives of Eqs. (5.60)
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The required derivative ∂ [r]/∂∆STRAIN can be gained by implicit differentiation of Eq. (5.65).
The derivation of this term can be simplified greatly by taken advantage of the fact that the
primary variables [r] do depend on the strain increments ∆STRAIN only through the three





T of the elastic predictors via the two equivalent stresses
4Aravas [141] and many subsequent studies in literature employed a staggered scheme where the evolution
equation for Eeq is solved separately.
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= −[J]−1 · ∂ [R]
∂[Q]
(5.68)
The Jacobian matrix [J] is available from the Newton-Raphson method anyway. The deriva-















The derivative ∂ [Q]/∂ [S0] is computed from Eqs. (5.61) and (5.63). The particular expres-
sions are listed in Appendix A.2.
5.2.4. Example
As a first example, a tensile test was simulated for an initial void volume fraction f0 = 0.01
and coalescence parameters fc = 0.15 and ff = 0.25 as proposed by Tvergaard and Needleman
[136]. Following the latter study, a power-hardening law is employed for the matrix yield stress













Therein, E(m) denotes Young’s modulus of the matrix material. In the numerical implemen-
tation, this equation is solved for Σ˜ by means of a fixpoint iteration scheme. The hardening
exponent of the matrix and its initial yield stress are chosen as m = 0.1 and Σ˜0 = 0.003E(m),
respectively. These values are representative for medium strength engineering alloys. Fur-
thermore, values qM = 36/5 (corresponding to Eq. (5.30) for small values of f) are used as
well as the usual GTN parameters q1 = 1.5 and q2 = 1.
Quadrilateral axisymmetric elements with quadratic shape functions are chosen for the
displacements and linear ones for the micro-dilatation χv, compare e. g. [58, 86]. Nine Gauss
points are employed within an element. The specimen has a diameter D0 = 100R and a
length of L0 = 3D0. Due to symmetry, only a half of the specimen needs to be incorporated
in the FEM simulation. In addition to the classical boundary conditions, a natural boundary
condition Mv · n = 0 is applied for the double tractions at the free surfaces and at lines of
symmetry.
The extracted nominal stress-strain curve is depicted in Fig. 5.4a. At the maximum point,
the solution bifurcates into a necking mode. The solution shows that the employed irregular
mesh is sufficient to trigger the necking. Subsequently, the stress triaxiality increases in the
center of the neck and so does the rate of porosity in this region. The macroscopic stress-
carrying capacity drops drastically when when critical value of porosity fc is reached. The
steep load-drop is troublesome from a numerical point of view.
Figure 5.4b shows the distribution of the porosity at the end of the simulation when the
Gauss points of the first elements reached the final value ff (corresponding to q1f∗ = 1). For
illustration purposes, the FEM results were extruded according to the exploited symmetries.
Firstly, it can be seen that the field remains smooth. Even the region of coalescence fc ≤
f ≤ ff (green to red in Fig. 5.4b) extends over several layers of elements. The developed
microdilatational model of ductile damage “regularizes” the problem successfully and prevents
spurious mesh dependency, a localisation of damage within a single layer of elements.


























Fig. 5.4.: Simulation of tensile test: (a) Nominal stress-strain curve, (b) final distribution of porosity
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6. Discussion
In literature, there is a controversial debate whether a homogenisation procedure for gener-
alized continuum theory should yield vanishing double stresses in the case of homogeneous
material at the microscale ∆V or not, compare e. g. [62, 142]. Obviously, for a homogeneous
∆V neither with the present procedure the higher order terms do vanish, compare Sections 4
and 5.2, nor was it the case in literature [4, 44, 114]. However, to the author’s opinion this
behavior is reasonable and the double stresses must not vanish in this case since, as argued by
Mühlich et al. [62], a locally homogeneous ∆V can still have an inhomogeneous neighboring
∆V whose interaction is still described, in some average sense, by the additional higher order
momentum balance equation (2.110). This neighbor might also be a macroscopic boundary
at which non-vanishing double tractions are allowed to be prescribed due to (2.110). Conse-
quently, from a mathematical point of view, the macroscopic boundary value problem would
even be ill-posed if the macroscopic constitutive relation read M˜ = 0. Whether such boundaryconditions are physically reasonable in the case of homogeneous material at the microlevel is
of course another question. The explicit definition of the involved generalized stress and de-
formation quantities derived in the present contribution provides a sound basis for addressing
this question.
A similar question is whether for heterogeneous material the obtained macroscopic consti-
tutive relations may depend on the particular choice of the unit cell ∆V . It is obvious in
(4.7), that with the present procedure, even in the uniaxial case the non-classical terms (with
s = Σ − σ¯ and M ) depend on location and size of the chosen unit cell. This is inevitably
necessary since also potential generalized boundary conditions on χ or M require an inter-
pretation with respect to the location of the corresponding macroscopic boundary relative to
material heterogeneities, see e. g. [80, 143].
However, it is recalled that when the non-classical stresses vanish, either through suitable
boundary conditions as described above or in sufficient distance to a boundary, then the
classical theory is recovered whose solution does not depend on the particular choice of the
unit cell.
In this context it is recalled that in Section 4.6, the size effect in an elastic layer of foam
was predicted. The micromorphic properties were obtained from a unit cell ∆V where the
pore was located at the center, i. e. from a realisation which has the highest stiffness against
bending-type modes among all possible realisations of such a microstructure. Consequently,
the macroscopic size effect was overestimated compared to discrete numerical simulation with
random microstructure. In order to capture the random nature in the micromorphic proper-
ties, an ensemble average over different realisations of the microstructure needs to be consid-
ered in the future.
Recently, Lurie et al. [104] pointed out the possibility of micromorphic theories to address
different realisations of the surface via a mixed boundary condition between double traction
and microdeformation. Depending on the sign and amount of the coupling coefficient in the
mixed boundary condition, even negative size effects can be reproduced. A similar approach
was presented by Javili et al. [144] as “surface elasticity”. Although not explicitly considered in
the present work, the provided micro-macro relations for all kinetic and kinematic quantities
should be helpful in identifying such coupling coefficients from micromechanics considerations.
A further question, which was discussed in literature on homogenisation of a Cauchy contin-
uum on the microscale to a generalized continuum at the macroscale, was how the additional
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deformation measures of such theories can be prescribed via boundary conditions at the mi-
croscale. The kinematic micro-macro relations derived in the present contribution (as well
as those in the average field theory of Forest et al., Section 2.2.4) cannot be completely con-
verted to surface integrals. That is why they are prescribed as integral constraints whereby
the difference stress s˜ in its role as Lagrange multiplier acts as a distributed volume force.Thus, the difference stress can be interpreted as a penalty for the difference between χ˜ andthe actual gradient of displacements.
In the present thesis, the two possibly most simple situations were considered: the uniaxial
case and a spherical or circular volume element. For the latter case it was found that the
problem for the hydrostatic and for the skew-symmetric stresses becomes axi-symmetric. In
these cases, as well as in the uniaxial case, just the number of potential boundary conditions at
the microscale is not sufficient to prescribe the microdeformation χ˜ in addition to the classicalmeasures of deformation. From this point of view, the author does not see an alternative to
prescribing χ˜ via integral constraints.In this context it is recalled that a weighting function HV (ξ) was introduced in Section 3.4
which defines how difference stress s˜ is distributed within the volume element or, vice verse,how the local deformations contribute to the microdeformation χ˜. In the present work, auniform distribution of HV (ξ) was assumed for the matrix material. However, the presented
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being the Dirac distribution, i. e.
the microdeformation χ˜ would be computed from an integral over the internal interface asproposed recently by Biswas and Poh [91] (Similarly, Hlaváćek [73] and Berglund [67] defined
χ˜ via the displacement field of an inclusion.). This consideration implies the question on theoptimal choice of the weighting function HV (ξ) which should be addressed in future studies.
Anyway, it was demonstrated in the present work, that the implementation of volume
average micro-macro links via Lagrange multipliers is straight forward, both in analytical
investigations and numerical implementations. Regarding a potential FE² implementation,
the volume average leads to a few full rows in the otherwise sparse system of equations for
whose solution suitable algorithms are favorable.
In classical homogenisation, it is required that the volume element ∆V should be “repre-
sentative”. The term was introduced by Hill [34] and associated with the conditions that the
volume element “(a) is structurally entirely typical of the whole mixture on average, and (b)
contains a sufficient number of inclusions for the apparent overall moduli to be effectively
independent of the surface values of traction and displacement, so long as these values are
‘macroscopically uniform’. That is, they fluctuate about a mean with a wavelength small
compared with the dimensions of the sample, and the effects of such fluctuations become
insignificant within a few wavelengths of the surface. The contribution of this surface layer
to any average can be made negligible by taking the sample large enough”. In classical ho-
mogenisation, often periodic boundary conditions are employed at the microscale to mimic
the behavior of an infinite and periodic arrangement of identical volume elements to fulfill
condition (b). For this purpose, periodic fluctuations are allowed as deviations from the cor-
responding kinematic boundary conditions. Regarding micromorphic continua, condition (a)
remains reasonable whereas (b) contradicts the intention of most generalized continuum the-
ories (for this reason, the author refrains from using the term “representative” in the context
of micromorphic continua). Anyhow, several attempts were made to extend the concept of
periodic boundary conditions to the homogenisation of generalized continua in order to have
the established classical homogenisation contained as a strict special case, e. g. [45, 47, 49, 50,
145]. For this purpose, Hill’s “macroscopically uniform” field was taken as a polynomial field
([49]: “assigned” field, [50]: “projected” field, [145]: “inserted” field) which fulfills the respective
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kinematic micro-macro relations ad hoc. Besides a certain arbitrariness in such a definition of
a macroscopically uniform field for micromorphic continua, the problem is that the kinematic
micro-macro relations for such a generalized homogenisation procedure can not completely
be transformed to surface integrals. Thus, for performing the homogenisation, the split into
a macroscopically uniform field and a fluctuation field does not lead to a simplification since
volume average kinematic micro-macro relations then still need to be fulfilled, now with re-
spect to the fluctuation field. In the procedure proposed in [145], the macroscopically uniform
(“inserted”) field actually serves to define indirectly the macroscopic stress measures.
In contrast, in the present contribution the macroscopic stress measures are defined directly
and explicitly and corresponding work-conjugate deformation measures are derived. The
boundary value problem at the microscale is completely defined either using static or kinematic
boundary conditions, both including the classical and non-classical terms. The author sees no
reason why the microscopic fields at the boundary of the volume element should be periodic
if the macroscopic field quantities have strong gradient, i. e. if the non-classical terms are
active. That is why the approach of Kouznetsova et al. [45] is adopted here, Section 3.5, and
fluctuations are incorporated at the boundary of ∆V only in such a way that they reduce to
classical periodic boundary conditions in the case the non-classical terms are absent.
The proposed micromorphic theory contains the special case of the strain-gradient theory
as derived in Section 3.6.1. It was shown that the present theory reduces to the theory of
Gologanu, Kouznetsova et al.[44, 45] under two conditions. Firstly, the kinamtic micro-macro
relation that the macroscopic displacement corresponds to the volume average of its micro-
scopic counterpart is not enforced by a Lagrange multiplier. It is recalled that Gologanu et al.
[44] defined the macroscopic velocity as surface average. In future work, it may be checked
whether this approach can be adopted to the present micromorphic theory (though, the defi-
nition as volume average is established in the micromorphic community since the pioneering
work of Forest and Sab [47]). Secondly, the microdeformation χ˜ needs to be identified withhalf of the macroscopic displacement gradient, not with the displacement gradient itself as
mostly employed since Mindlin [10]. It was shown that this discrepancy is related solely with a
prefactor of α = 1/2 in the quadratic term of the kinematic boundary conditions which arose
due to the interpretation of the boundary condition as a Taylor expansion. Future numerical
benchmarks should elucidate the effect of this constraint factor α on the predictive quality,
potentially in comparison to results of asymptotic expansion methods. Anyway, for the uncon-
strained micromorphic theory, α is not necessary but the ratio between microdeformation χ˜and macroscopic displacement gradient is an outcome of the proposed homogenisation theory.
Furthermore, it is to be recalled that within the present theory, the double stress M˜ , andconsequently its work-conjugate deformation measure L˜Ks, are symmetric with respect to itsfirst and last index, Eqs. (3.11) and (3.25), although this symmetry is not required per se in the
macroscopic theories of Eringen and Mindlin (but in the strain-gradient theory of Gologanu,
Kouznetsova et al.). For the special case of the micropolar theory, this symmetry has the
consequence that the polar double stress M˜r is traceless and consequently, only the deviatorof the tensor of the rotation gradient (curvature-twist tensor) appears in the constitutive
relations. For a isotropic linear-elastic micropolar, this means that the polar ratio amounts
to Ψr = 3/2. Remarkably, this values was employed in several recent studies [19, 25, 101] for
empirical reasons.
A further remark shall be dedicated to the construction of higher order micromorphic the-
ories. Firstly, recall that the classical theory is a first gradient theory and corresponding
kinematic boundary conditions at the microscale are thus first order polynomials. The second
gradient theory of Gologanu, Kouznetsova et al. involves an additional quadratic term at the
boundary. In consequence, N th gradient theories would thus have a polynomial displacement
of degree N . The micromorphic theory considered in the present work is a first order micro-
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morphic theory as the approximation of the displacement field with respect to the macroscopic
balances is a polynomial of degree one with tensor of microdeformation χ˜ as coefficient. Thismicrodeformation of first order can be interpreted as relaxed first gradient. In the present
theory, a difference stress s˜ penalizes the difference between actual first gradient ∇XU andrelaxed gradient χ˜ and acts as linear volume term at the microscale together with quadratickinematic boundary conditions. Correspondingly, the double stress, i. e. the second-order
hyperstress, is the surface average of the tractions weighted by a quadratic polynomial. The
extension towards an N th order micromorphic theory is thus straight-forward: it contains
hyperstresses up to (N + 1)th order whose kinetic micro-macro relation are the surface aver-
ages of the tractions weighted by a polynomial of degree N . Correspondingly, the respective
kinematic boundary condition at the microscale is a polynomial of degree N , too. Further-
more, such a theory has N difference stresses which penalize each the difference between the
(I + 1)th microdeformation and the gradient of the Ith microdeformation. At the microscale,
the Ith difference stress acts as coefficient of the volume force which is a polynomial of degree
I. Though, before developing the homogenisation towards such a N th order micromorphic
theory in detail, the possibilities and limitations of the presented first order theory need to
be elucidated for more example problems.
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7. Summary
In the present contribution, a consistent theory of homogenisation of a classical Cauchy con-
tinuum at the microscale towards a micromorphic continuum at the macroscale was presented.
Starting point was a critical review of the strain-gradient theory of Gologanu, Kouznetsova
et al. and the micromorphic approaches of Eringen, Forest et al. The aforementioned strain-
gradient theory is consistent in the sense that a boundary-value problem is formulated at the
microscale whose solution yields, together with respective kinetic micro-macro relations, the
macroscopic constitutive behavior. To the author’s best knowledge, neither kinematic micro-
macro relations for the strain-gradient nor correspondingly static boundary conditions have
not been formulated yet in explicit form for this theory. Though, this is of minor importance
since kinematic and periodic condition are favored anyway for most applications.
In contrast, the micromorphic approaches were not developed up to this stage yet. Eringen
derived the governing balance equations by a spatial averaging procedure. Thereby, the
flux-like quantities, including the double stress, were defined through a “surface operator”.
Unfortunately, an explicit definition of this operator was neither given by Eringen nor could
the author find it anywhere else in literature. That means that the kinetic micro-macro
relations are incomplete. In contrast, Forest et al. developed kinematic micro-macro relations
for the micromorphic theory. The non-classical parts thereof contain volume integrals which
cannot be transformed into surface integrals and thus not be prescribed solely by boundary
conditions.
Within the concept of minimal loading conditions, the kinematic micro-macro relations are
prescribed as global constraints at the microscale by means of Lagrange multipliers. These
Lagrange multipliers can be identified with the work-conjugate stresses to the respective
macroscopic kinematic quantities. It was checked whether the kinetic micro-macro relations
of existing theories are suitable for the micromorphic theory. It turned out that external and
internal stress could be computed by the volume average and surface integral expressions from
classical theory of homogenisation. Though, the kinetic micro-macro relations for the double
stress from strain-gradient theory did not work completely.
However, the successful application of the surface integral expressions from classical theory
motivated the explicit definition of Eringen’s surface operator. Thus having explicit def-
initions of all macroscopic stress-type quantities of the micromorphic theory, the minimal
loading conditions concept could be revised inversely to construct suitable kinematic micro-
macro relations. The micro-macro-relations for the gradient of microdeformation could be
satisfied by quadratic kinematic boundary conditions. The kinematic micro-macro relation
for the microdeformation is identical to Forest’s expressions. If it is enforced, the difference
stress (between internal and external stress) as corresponding Lagrange multiplier acts like
a volume force at the microscale. In the interpretation of the microdeformation as relaxed
displacement gradient, the difference stress thus penalizes a difference between actual and
relaxed displacement gradient. The application to porous materials required a few minor
modifications. Periodic boundary conditions are obtained by amending periodic fluctuations
to the kinematic boundary conditions. The corresponding tractions are anti-periodic only in
absence of double stresses, thus recovering the classical theory.
In summary, a consistent theory of micromorphic homogenisation was derived. It involves
macroscopic balances, micro-macro relations for all kinetic and kinematic quantities and a
boundary-value problem at the microscale. The latter can be formulated with static, kinematic
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or periodic boundary conditions. The same set of equations was formulated for the special
cases of strain-gradient theory, micropolar theory (Cosserat theory), microstrain theory and
microdilatational theory. With a complete formulation of a boundary-value problem, the
developed homogenisation method is well-suited for FE2 applications.
It turned out that the strain-gradient theory of Gologanu, Kouznetsova et al. is recovered
if the microformation is constrained to coincide with half the displacement gradient (in con-
trast to Mindlin’s usual assumption to identify with the displacment gradient itself). This
point might require further discussion. Nevertheless, the presented theory can thus be inter-
preted as straight-forward extension of the theory of Gologanu, Kouznetsova et al. towards
the unconstrained micromorphic case.
The micromorphic theory of homogenisation was demonstrated for certain examples starting
with an uniaxial composite. Furthermore, the boundary-value problem at the microscale
was solved approximately by Ritz’ method for a porous, isotropic and linear-elastic material
yielding all macroscopic constitutive parameters in closed form. The quality of the Ritz
estimates was verified by a comparison certain analytical and FEM solutions. Special attention
was paid to the special cases of micropolar theory. The predicted micropolar constitutive
parameters agree in principle with experimental data from literature. By means of the derived
micromorphic constitutive parameters, the size effect for a thin layer of foam in simple shearing
could be predicted. It agrees qualitatively with direct numerical simulations from literature,
though the absolute value is overestimated for very thin layers. This fact was related to
the particular choice of the volume element. Instead, an ensemble average over different
realizations should be employed in future investigations.
Furthermore, constitutive models for quasi-brittle and ductile damage were developed. For
the quasi-brittle case it was assumed that propagating microcracks lead to an increase of
the effective porosity of a material. Considerations on the associated dissipation lead to a
rate-independent model.
Gurson’s model is established to model the ductile mechanism. In this model, void growth
and the associated dilatation drive the macroscopic softening. In order to overcome its spuri-
ous mesh sensitivity, Gurson’s model was extended towards the microdilatational framework.
In particular, additional trial fields, which comply with the derived microdilatational kine-
matic micro-macro relations, were employed in the limit-load analysis. Consequently, both
the double stress as well as the difference stress enter the resulting macroscopic yield con-
dition (in contrast to heuristic gradient-extensions of such damage models). The model was
implemented in a FEM code and applied to an example. The results confirm that the microdi-
latational extension overcomes the spurious mesh dependency of Gurson’s original model.
Future work needs to address the quantitative predictive capabilities of the proposed method-
ology. In this context, ensemble averages over different realizations of the microstructure need
to be considered. Furthermore, the effect of the type of boundary conditions at the microscale,
i. e. static, kinematic or periodic ones, needs to be investigated quantitatively for a sufficient
number of benchmark problems.
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A. Appendix
A.1. Exact solution for effective shear modulus in plane case for
kinematic and periodic boundary conditions
For obtaining the exact solution for the effective shear modulus under kinematic or periodic
boundary conditions, an ansatz
F = 2µg(r)E˜d : ξξ . (A.1)
for the Airy function is adopted. Equation (A.1) corresponds to ansatz (4.38) for static
boundary conditions with E˜d replaced by the deviator of the macroscopic strain 2µE˜d withan additional factor 2µ introduced for convenience. Thus, the radial function g(r) involves
the same terms of the Mitchell series as for static boundary conditions, Eq. (4.41). The
traction-free void surface still requires
g(r = Rvoid) =0, g
′(r = Rvoid) =0 . (A.2)
In order to apply the kinematic boundary conditions (2.45), it is favorable to switch to
a coordinate system b1–b2 which is aligned with the principal axes of E˜d, i. e. E˜d =Ed(b1b1 − b2b2). Thus, in polar coordinates the scalar product in Eq. (A.1) becomes
























In polar coordinates, the kinematic boundary conditions (2.45) read
ur(r = R) = E
dR cos(2ϕ) . uϕ(r = R) =− EdR sin(2ϕ) . (A.4)
Equating Eqs. (A.3) with (A.4) yields two equations which, together with Eq. (A.2), allow to
determine the coefficients C1–C4. Finally, the kinetic micro-macro relation (2.40) is evaluated,
with stress field (4.39) from Eq. (A.1), as
Σ˜ = 2µ
[





Obviously, the prefactor of E˜d on the right-hand side corresponds to the macroscopic effectiveshear modulus
µ(eff) = µ
(
3− 4ν + f3 − 3f2 + 3 f) (1− f)
3 + 3f4 + 4f3 − 6f2 + 12f − 4f4ν − 24νf + 16ν2f − 4ν . (A.6)
In polar coordinates, periodic boundary conditions (2.49) read
ur(R,ϕ) + ur(R,ϕ+ pi) = 2E
dR cos(2ϕ) ,
uϕ(R,ϕ) + uϕ(R,ϕ+ pi) =− 2EdR sin(2ϕ) .
(A.7)
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For the particular displacement field (A.3), the periodic boundary conditions (A.7) coincide
with kinematic boundary conditions (A.4). Thus, for the circular volume element under
consideration, periodic and kinematic boundary conditions yield the same effective shear
modulus, Eq. (A.6).
A.2. Consistent tangent stiffness of microdilatational model of ductile
damage
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